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Abstrat
This artile is devoted to the investigation of wrap groups of on-
neted ber bundles over the elds of real R, omplex C numbers, the
quaternion skew eld H and the otonion algebra O. Cohomologies
of wrap groups and their struture are investigated. Sheaves of wrap
groups are onstruted and studied. Moreover, twisted ohomologies
and sheaves over quaternions and otonions are investigated as well.
1 Introdution.
Geometri loop groups of irles were rst introdued by Lefshetz in 1930-th
and then their onstrution was reonsidered by Milnor in 1950-th. Lefshetz
has used the C0-uniformity on families of ontinuous mappings, whih led
to the neessity of ombining his onstrution with the struture of a free
group with the help of words. Later on Milnor has used the Sobolev's H1-
uniformity, that permitted to introdue group struture more naturally [36℄.
The onstrution of Lefshetz is very restritive, beause it works with the
C0 uniformity of ontinuous mappings in ompat-open topology. Even for
spheres Sn of dimension n > 1 it does not work diretly, but uses the iterated
loop group onstrution of irles. Then their onstrutions were generalized
for bers over irles and spheres with parallel transport strutures over C.
Smooth Deligne ohomologies were studied on suh groups [12℄.
Wrap groups of quaternion and otonion bers as well as for wider lasses
of bers over R or C were dened and various examples were given together
with basi theorems in [21℄. Studies of their struture were begun in [22℄.
This paper ontinues previous works of the author on this theme, where
generalized loop groups of manifolds over R, C and H were investigated, but
neither for bers nor over otonions [23, 31, 29, 30℄.
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Holomorphi funtions of quaternion and otonion variables were inves-
tigated in [27, 28, 25℄. There spei denition of super-dierentiability was
onsidered, beause the quaternion skew eld has the graded algebra stru-
ture. This denition of super-dierentiability does not impose the ondition
of right or left super-linearity of a super-dierential, sine it leads to narrow
lass of funtions. There are some artiles on quaternion manifolds, but pra-
tially they undermine a omplex manifold with additional quaternion stru-
ture of its tangent spae (see, for example, [38, 51℄ and referenes therein).
Quaternion manifolds were dened in another way in [25℄. Appliations of
quaternions in mathematis and physis an be found in [9, 14, 15, 20℄.
Geometri loop groups have important appliations in modern physial
theories (see [17, 33℄ and referenes therein). Groups of loops are also in-
tensively used in gauge theory. Wrap groups an be used in the membrane
theory whih is the generalization of the string (superstring) theory. Fiber
bundles and sheaves and ohomologies over quaternions and otonions are
interesting in suh a respet, that they take into aount spin and isospin
strutures on manifolds, beause there is the embedding of the Lie group
U(2) into the quaternion skew eld H.
This artile is devoted to onstrutions and investigations of ohomolo-
gies and sheaves of wrap groups. Moreover, over quaternions and otonions
twisted ohomologies and sheaves are studied. Twisted analogs of bar reso-
lutions of sheaves and smooth Deligne ohomology are investigated as well.
This is done over twisted multipliative groups. Previously the omplex ase
and with loop groups of ber bundles on spheres was only studied. This
artile treats the quaternion and otonion ases and wrap groups of general
ber bundles.
All main results of this paper are obtained for the rst time and they are
given in Theorems 34, 36, 44, 48.1, 55, 58, 60, Propositions 6, 14, 15, 19, 26,
27, 29, 32, Corollaries 7, 8, 33, 45 and 47. Here the notations and denitions
and results from previous works [12, 13, 21, 22, 23, 31, 29, 30℄ are used.
2 Cohomologies of wrap groups
1. Remarks and Denitions. Consider a triangulated ompat polyhe-
dronM may be embedded intoAnr and its sub-polyhedron SM of odimension
not less than two, codim(SM) ≥ 2, where M \ SM is a C
∞
smooth manifold
suh that M \ SM is dense in M . If the overing dimension (see Chapter 7
[10℄) ofM \SM is dim(M \SM) = b, then by the denitionM is of dimension
b. Then SM is alled the singularity ofM . A pseudo-manifoldM is oriented,
if M \ SM is oriented (see also 1.3.1 [21℄).
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If M \ SM is without boundary, then the triangulated pseudo-manifold
M is alled a pseudo-manifold yle. If (Y, ∂Y ) is the pair onsisting of
a triangulated pseudo-manifold Y and a boundary ∂Y , suh that Y \ SY
is a manifold with boundary ∂Y \ SY , ∂Y is a pseudo-manifold yle with
singularity SY ∩ ∂Y , then (Y, ∂Y ) is alled the triangulated pseudo-manifold
with boundary.
A pre-sheaf F on a topologial spae X is a ontra-variant funtor F
from the ategory of open subsets in X and their inlusions into a ategory
of groups or rings (all either alternative or assoiative) suh that F (U) is a
group or a ring for eah U open in X and for eah U ⊂ V with U and V open
in X there exists a homomorphism sU,V : F (V ) → F (U) suh that sU,U = 1
and sU,V sV,Y = sU,Y for eah U ⊂ V ⊂ Y with U, V, Y open in X .
Let Fx denotes the family of all elements f ∈ F (U) for all U open in
X with x ∈ U . Elements f ∈ F (U) and g ∈ F (V ) are alled equivalent if
there exists an open neighborhood Y of x suh that sY,U(f) = sY,V (g). This
generates an equivalene relation and a lass of all equivalent elements with
f is alled a germ fx of f at x. A set Fx of all germs of the pre-sheaf F at
a point x ∈ X is the indutive limit Fx = ind − limF (U) taken by all open
neighborhoods U of x in X .
In the set F of all germs Fx take a base of topology onsisting of all sets
{fx ∈ Fx : x ∈ U}, where f ∈ F (U). This indues a sheaf S generated by a
pre-sheaf F .
A sheaf of groups or rings (all either alternative or assoiative) on X is a
pair (S, h) satisfying Conditions (S1− S4):
(S1) S is a topologial spae;
(S2) h : S → X is a loal homeomorphism;
(S3) for eah x ∈ X the set Fx = h
−1(x) is a group alled a ber of the
sheaf S at a point x;
(S4) the group or the ring operations are ontinuous, that is, S∆S ∋
(a, b) 7→ ab−1 ∈ S or S∆S ∋ (a, b) 7→ ab ∈ S and S∆S ∋ (a, b) 7→ a + b ∈ S
are ontinuous respetively, where S∆S := {(a, b) : a, b ∈ S, h(a) = h(b)}.
We an onsider pre-sheafs and sheafs of dierent lasses of smoothness,
for example, H t or H tp, when the orresponding dening sheaf and pre-sheaf
mappings sU,V , h and group operations are suh and S and F are H
t
or H tp
dierentiable spaes respetively (see also 1.3.2 [21℄).
Consider a sheaf SN,G generated by a pre-sheaf U 7→ {f ∈ Hom
t
p((W
ME)t,H , G) :
supp(f) ⊂ U}, where U is open in N and supp(f) ⊂ U means that there
exists y ∈ N and ηˆ ∈ H tp(Mˆ,N) with ηˆ(sˆ0,q) = x for eah q = 1, ..., k and
ηˆ(sˆ0,q) = y for eah q = k+1, ..., 2k and γˆ ∈ H
t
p(Mˆ, {sˆ0,q : q = 1, ..., 2k};N, y)
suh that γˆ = γ ◦ Ξ and f =< ηˆ ∨ γˆ >t,H , where the wrap group (W
ME)t,H
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is taken for a marked point y ∈ N , Ξ : Mˆ → M is the quotient mapping as
in [21℄.
In partiular, we an take G = A∗r, and all SN,A∗r the sheaf of innitesimal
holonomies, where 1 ≤ r ≤ 3.
In view of Property (P4) [21℄ for eah non-singular points y ∈ N and
u ∈ Ey in the ber Ey of E over y there exists an Ar vetor subspae Hu of
the tangent bundle TuE at u alled a horizontal subspae of TuE suh that
π∗|Hu : Hu → TyN is an isomorphism, where π(u) = y, t
′ ≥ [dim(E)/2] + 2
or t′ =∞, sine there exist generalized derivatives in the Sobolev spae H t
′
(see III.3 [34℄). This is the ase for all y ∈ N and u ∈ Ey when N and E
are of lass H t
′
instead of H t
′
p .
Due to (P1) the family {Hu} of horizontal subspaes of TE depends
smoothly on u. Suppose that Y is a vetor eld in TE orresponding to a
vetor eld X in TN suh that π∗(Y ) = X, then
(CD1) TuE = Hu⊕ Vu, where Vu = π
−1
∗ (0) ⊂ TuE is the spae of vetors
tangent to Eu at u. In aordane with (P3) the horizontal spaes are G-
equivariant, that is,
(CD2) Huz = (Rz)∗Hu, where Rz is the dieomorphism of E given by
the multipliation on z from the right and (Rz)∗ orresponds to the tangent
mapping TRz for the tangent ber bundle TE.
A family H = {Hu ⊂ TuE : u ∈ E, π(u) = y ∈ N} is alled the onne-
tion distribution of the prinipal ber bundle E(N,G, π,Ψ), if Hu depends
smoothly on u and the Conditions (CD1, CD2) are satised.
2. Denitions and Notes. Two smooth prinipalG ber bundles E and
E ′ with onnetion distributions (E,H) and (E ′, H ′) are alled isomorphi if
there exists an isomorphism f : E → E ′ of smooth prinipal G ber bundles
f : E → E ′ suh that f∗(H) = H
′
.
A onnetion distribution H on E determines a parallel transport stru-
ture PH on E posing PHγˆ,u ∈ H
t
p(Mˆ, E) with P
H
γˆ,u(sˆ0,q) = u for eah q =
1, ..., k and π ◦ PHγˆ,u = γˆ suh that TxP
H
γˆ,u =: (P
H
γˆ,u(x), DP
H
γˆ,u(x)) for eah
x ∈ Mˆ , where γˆ ∈ H tp(Mˆ, {sˆ0,q : q = 1, ..., 2k};N, y0), DP
H
γˆ,u(x) ∈ Hγˆ(x), TP
is the tangent mapping of P (see [19℄).
Thus there exists a bijetive orrespondene between parallel transport
strutures and onnetion distributions on E. Therefore, the mapping H 7→
PH indues a bijetive orrespondene between isomorphism lasses of par-
allel transport strutures and onnetion distributions.
Using the exponential funtion on Ar gives exp(Ar) = A
∗
r for 1 ≤ r ≤ 3
(see 3 [27, 28℄).
If E is a prinipal A∗r ber bundle with 1 ≤ r ≤ 3, then for eah v ∈ Vu
there exists a unique z(v) ∈ Ar suh that v = [d(y exp(b z(v))/db]|b=0, where
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b ∈ R. Therefore, for eah onnetion distribution {Hu : u ∈ E} on E a
dierential 1-form w over Ar exists suh that w(Xh +Xv) = z(Xv) for eah
X = Xh +Xv ∈ Hu⊕ Vu = TuE and w is G-equivariant: (Rz)
∗w = w due to
the G-equivariane of {Hu : u ∈ E}, here G = A
∗
r.
A dierential 1-form w on E so that it isG-equvariant and w(Xv) = z(Xv)
for eah Xv ∈ Vu is alled a onnetion 1-form.
Two smooth prinipalG ber bundles with onnetions (E,w) and (E ′, w′)
are alled isomorphi, if there exists an isomorphism f : E → E ′ of smooth
prinipal G ber bundles suh that f ∗(w′) = w.
For w there exists a onnetion distribution Hw on E for whih Hwu =
ker(wu) ⊂ TuE, that indues a bijetive orrespondene between dieren-
tial 1-forms and onnetion distributions on E. Hene w 7→ Hw produes
a bijetive orrespondene between isomorphism lasses of onnetions and
onnetion distributions.
Then there exists a wrap group (WME;N,A∗r,∇)t,H , where a parallel
transport struture P is assoiated with the ovariant dierentiation ∇ of
the onnetion w.
The urvature 2-form Ω over Ar, 1 ≤ r ≤ 3, of a onnetion 1-form
w on a smooth prinipal ber bundle E(N,G, π,Ψ) over Ar is given by
Ω(X, Y ) = dw(hX, hY ), where hX and hY are horizontal omponents of the
vetors X and Y .
3. Remark. If η ∈ H tp(K,E), t ≥ 1, and ν is a dierential form on E,
then there exists its pull-bak η∗ν whih is a dierential form on K, where K
is anH tp-pseudo-manifold. For orientableK and E and anH
t
p dieomorphism
η of K onto E and ν with ompat support
∫
K η
∗ν = ǫ
∫
E ν, where ǫ = 1 if η
preserves an orientation, ǫ = −1 if η hanges an orientation (see [5, 52, 25℄).
In partiular, K = E(M,G, πM ,Ψ
M) an be onsidered, η = (η0, η1), η0 :
M → N , η : E(M) → E(N), πN ◦ η = η0 ◦ πM , η1 ◦ pr2 = pr2 ◦ η, pr2 is a
projetion in harts of E from E into G, η1 = id may be as well.
Suppose that M and E are an Ar holomorphi manifold and prinipal
ber bundle, suh that E is orientable and 2r − 1-onneted, whih is not
very restritive due to Propositions 13 and Note 14 [22℄. If γˆ ∈ H tp(Mˆ, {sˆ0,q :
q = 1, ..., k};N, y0), then onsider a path lq joining the point sˆ0,q with sˆ0,q+k,
where 1 ≤ q ≤ k, lˆq : [0, 1] → Mˆ . Therefore, pˆq := γˆ ◦ lˆq : [0, 1] → N and
pˆ∗qw := (pˆq, id)
∗w is a dierential form on [0, 1], where w is an Ar holomorphi
onnetion one-form on E. We get that γˆ∗w is a dierential one-form on Mˆ
and there exists its restrition νγ,q := γ
∗w|lˆq[0,1].
Then we have also γ ∈ H tp(M, {s0,q : q = 1, ..., k};N, y0) and lq : S
1 →M
and pq : S
1 → N respetively, where γˆ = γ ◦Ξ (see [21℄), S1 is the unit irle
in C with the enter at zero, while C = CM is embedded into Ar as R⊕MR
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with M ∈ Ar, Re(M) = 0, |M | = 1, when 2 ≤ r ≤ 3.
Sine w is Ar holomorphi, then
∫
φ w does not depend on a retiable
urve φ but only on the initial and nal points φ(0) and φ(1), φ : [0, 1]→ E
(see Theorems 2.15 and 3.10 in [27, 28℄ and [30℄).
Consider now the prinipal ber bundle E with the struture group A∗r,
where 1 ≤ r ≤ 3. Then the pull-bak p∗qE of the bundle E is a trivial A
∗
r-
bundle over S1. The latter bundle arries a pull-bak onnetion dierential
one-form p∗qw. Take the pull-bak ρ
∗(p∗qw) one form, where ρ : S
1 → p∗qE is
a trivialization of the ber bundle p∗qE → S1.
The parallel transport struture Pγˆ,u(x) for (M,E) with x ∈ Mˆ indues
the parallel transport strutures Ppˆq,u∗(s) for (S
1, p∗qE) with s ∈ [0, 1] for
eah q = 1, ..., k, where pq(u
∗) = u. Then the holonomy along γ is given by
(H) h(γ) = (h1, ..., hk) ∈ G
k
with hq = hq(γ) = exp[−
∫
S1 ρ
∗(p∗qw)] for
eah q = 1, ..., k.
If ζ : S1 → p∗qE is another trivialization and f : S
1 → C∗M satises ζ =
fρ, so that f(v) = exp(M2πθ(v)), where θ(v) ∈ R, M2πdθ(v) = dLn(f(v)),
v ∈ S1,
∫
S1 dθ is an integer number, sine R is the enter of the algebra
Ar, where Ln is the natural logarithmi funtion over Ar (see 3.7 and The-
orem 3.8.3 [28℄ and [27, 32℄). Therefore, Formula (H) is independent of a
trivialization ρ, sine ζ∗(p∗qw) = ρ
∗(p∗qw) + dLn(f), but exp[
∫
S1 dLn(f)] = 1.
4. Non-assoiative bar onstrution. Let G be a topologial group
not neessarily assoiative, but alternative:
(A1) g(gf) = (gg)f and (fg)g = f(gg) and g−1(gf) = f and (fg)g−1 = f
for eah f, g ∈ G
and having a onjugation operation whih is a ontinuous automorphism of
G suh that
(C1) conj(gf) = conj(f)conj(g) for eah g, f ∈ G,
(C2) conj(e) = e for the unit element e in G.
If G is of denite lass of smoothness, for example, H tp dierentiable, then
conj is supposed to be of the same lass. For ommutative group in partiular
it an be taken the identity mapping as the onjugation. For G = A∗r it an
be taken conj(z) = z˜ the usual onjugation for eah z ∈ A∗r, where 1 ≤ r ≤ 3.
Denote by ∆n := {(x0, ..., xn) ∈ R
n+1 : xj ≥ 0, x0+ x1 + ...+ xn = 1} the
standard simplex in Rn+1. Consider (AG)n as the quotient of the disjoint
union
⋃n
k=0(∆
k ×Gk+1) by the equivalene relations
(1) (x0, ..., xk, g0, ..., gk) ∼ (x0, ..., xj+xj+1, ..., xk, g0, ..., gˆj, ..., gk) for gj =
gj+1 or xj = 0 with 0 ≤ j < k; (x0, ..., xk, g0, ..., gk) ∼ (x0, ..., xk−1 +
xk, g0, ..., gk−1) for gk−1 = gk or xk = 0.
Consider non-homogeneous oordinates 0 ≤ t1 ≤ t2 ≤ ... ≤ tk ≤ 1
on the simplex ∆k related with the baryentri oordinates by the formula
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tj = x0 + x1 + ... + xj−1 and h0 := g0, hj = g
−1
j−1gj for j > 0 on G
k+1
.
Hene h0h1 = g0(g
−1
0 g1) = g1, (h0h1)h2 = g1(g
−1
1 g2) = g2 and by indution
((...(h0h1)...)hk−1)hk = gk−1(g
−1
k−1gk) = gk.
Then equivalene relations (1) take the form:
(2) (t1, ..., tk, h0[h1|...|hk]) ∼ (t2, ..., tk, (h0h1)[h2|...|hk]) for t1 = 0 or h0 =
e;
(t1, ..., tk, h0[h1|...|hk]) ∼ (t1, ..., tˆj, ..., tk, h0[h1|...|hjhj+1|...|hk]) for tj =
tj+1 or hj = e;
(t1, ..., tk, h0[h1|...|hk]) ∼ (t1, ..., tk−1, h0[h1|...|hk−1]) for tk = 1 or hk = e.
Denote by |x0, ..., xk, g0, ..., gk| the equivalene lass of the sequene
(x0, ..., xk, g0, ..., gk); by |t1, ..., tk, h0[h1|...|hk]| denote the equivalene lass of
the sequene (t1, ..., tk, h0[h1|...|hk]).
Then the spae AG is the quotient of
⋃∞
k=0∆
k×Gk+1 by the above equiv-
alene relations (1), where (∆k ×Gk+1) ∩ (∆m ×Gm+1) is empty for k 6= m.
Introdue in Gn+1 the equivalene relation Y :
(3) (g0, ..., gn)Y(q0, ..., qn) if and only if there exist p1, ..., pk ∈ G with
k ∈ N suh that gj = pk(pk−1...(p2(p1qj))....) for eah j = 0, ..., n.
Evidently this relation is reexive: (g0, ..., gn)Y(g0, ..., gn) with p1 = e
and k = 1. It is symmetri due to the alternativity of G, sine gj =
pk(pk−1...(p2(p1qj))....) is equivalent with qj = p
−1
1 (p
−1
2 ...(p
−1
k−1(p
−1
k gj))...) for
eah j = 0, ..., n. This relation is transitive: (g0, ..., gn)Y(q0, ..., qn) and
(q0, ..., qn)Y(f0, ..., fn) implies (g0, ..., gn)Y(f0, ..., fn), sine from
gj = pk(pk−1...(p2(p1qj))....) and qj = sl(sl−1...(s2(s1fj))....)
it follows gj = pk(pk−1...(p2(p1(sl(sl−1...(s2(s1fj))....)))....) for eah j = 0, ..., n,
where k, l ∈ N, p1, ..., pk, s1, ..., sl ∈ G. In a partiular ase of an assoiative
group G parameters k = 1 and l = 1 an be taken.
Consider in
⋃n
k=0∆
k ×Gk the equivalene relations:
(4) (x0, ..., xk, [g0 : ... : gk]) ∼ (x0, ..., xj + xj+1, ..., xk, [g0 : ... : gˆj : ... : gk])
for gj = gj+1 or xj = 0 with 0 ≤ j < k; (x0, ..., xk, g0, ..., gk) ∼ (x0, ..., xk−1 +
xk, [g0 : ... : gk−1]) for gk−1 = gk or xk = 0, where [g0 : ... : gk] := {(q0, ..., qk) ∈
Gk+1 : (q0, ..., qk)Y(g0, ..., gk)} denotes the equivalene lass of (g0, ..., gk) by
the equivalene relation Y . Put (BG)n to be the quotient of
⋃n
k=0∆
k × Gk
by equivalene relations (4).
Using the inhomogeneous oordinates on (BG)n rewrite the equivalene
relation (4) in the form:
(5) (t1, ..., tk, [h1|...|hk]) ∼ (t2, ..., tk, [h2|...|hk]) for t1 = 0 or h0 = e;
(t1, ..., tk, h0[h1|...|hk]) ∼ (t1, ..., tˆj , ..., tk, [h1|...|hjhj+1|...|hk]) for tj = tj+1
or hj = e;
(t1, ..., tk, [h1|...|hk]) ∼ (t1, ..., tk−1, [h1|...|hk−1]) for tk = 1 or hk = e.
Denote by |x0, ..., xk, [g0 : ... : gk]| the equivalene lass of the sequene
(x0, ..., xk, [g0 : ... : gk]); by |t1, ..., tk, [h1|...|hk]| denote the equivalene lass
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of the sequene (t1, ..., tk, [h1|...|hk]). Then BG is the quotient of the disjoint
union
⋃∞
k=0∆
k ×Gk by the equivalene relations (4).
Then there exists the projetion πAB : AG→ BG by the formula:
(6) πAB : |x0, ..., xk, g0, ..., gk| 7→ |x0, ..., xk, [g0 : ... : gk]| or in the non-
homogeneous oordinates by πAB : |t1, ..., tk, h0[h1|...|hk]| 7→ |t1, ..., tk, [h1|...|hk]|.
The onjugation in G indues that of in AG and BG suh that:
conj(t1, ..., tk, h0[h1|...|hk]) := (t1, ..., tk, conj(h0)[conj(h1)|...|conj(hk)]) and
conj(t1, ..., tk, [h1|...|hk]) := (t1, ..., tk, [conj(h1)|...|conj(hk)]).
Suppose that
(A2) Gˆ = Gˆ0i0 ⊕ Gˆ1i1 ⊕ ... ⊕ Gˆ2r−1i2r−1 suh that G is a multipliative
group of a ring Gˆ with the multipliative group struture, where Gj = Gˆj \
{0}, Gˆ0, ..., Gˆ2r−1 are pairwise isomorphi ommutative assoiative rings and
{i0, ..., i2r−1} are generators of the Cayley-Dikson algebra Ar, 1 ≤ r ≤ 3 and
(ylil)(ysis) = (ylys)(ilis) is the natural multipliation of any pure states in Gˆ
for yl ∈ Gˆl. If a group G and a ring Gˆ satisfy Conditions (A1, A2, C1, C2),
then we all it a twisted group and a twisted ring over the set of generators
{i0, ..., i2r−1}, where 1 ≤ r ≤ 3. The unit element of G denote by e. For
example, G = (A∗r)
n
and Gˆ = Anr .
5. Denitions. Let N. be a family {Nn : n ∈ N} of either C
∞
smooth
or H t
′
p manifolds together with either C
∞
or H t
′
p mappings ∂j : Nn → Nn−1
and sj : Nn → Nn+1 for eah j = 0, 1, ..., n satisfying the identities:
(1) ∂k∂j = ∂j−1∂k for eah k < j,
(2) sksj = sj+1sk for eah k ≤ j,
(3) ∂ksj = sj−1∂k for k < j, ∂ksj = id|Nn for k = j, j + 1, ∂ksj = sj∂k−1
for k > j+1, then N. is alled a simpliial either C
∞
smooth or H t
′
p manifold.
The geometri realization |N.| of N. onsists of
∐
n≥0∆
n×Nn/E , where E
is the equivalene relation generated by (∂jx, y)E(x, ∂jy) for (x, y) ∈ ∆
n−1×
Nn, (s
jx, y)E(x, sjy) for (x, y) ∈ ∆
n+1 × Nn, where
∐
denotes the dis-
joint union of sets, the maps ∂j : ∆n−1 → ∆n and sj : ∆n+1 → ∆n are
suh that ∂j(x0, ..., xn−1) = (x0, ..., xj−1, 0, xj, ..., xn−1) and s
j(x0, ..., xn+1) =
(x0, ..., xj−1, xj + xj+1, xj+2, ..., xn+1) in baryentri oordinates.
A C∞ or H t
′
p spae struture on the geometri realization |N.| of N. on-
sists of all ontinuous C∞ R-valued or H t
′
p Ar valued funtions f on |N.|
respetively, that is the omposition
∐
n≥0(∆
n − ∂∆n) × Nn →֒
∐
n≥0∆
n ×
Nn
q
−→ |N.|
f
−→ Ar is either C
∞
or H t
′
p , where q denotes the quotient map-
ping, r = 0 or 1 ≤ r ≤ 3 orrespondingly, A0 = R, A1 = C, A2 = H,
A3 = O.
6. Proposition. If a group G satises Conditions 4(A1, A2, C1, C2),
then sets AG and BG an be supplied with group strutures and they are
twisted for 2 ≤ r ≤ 3. If G is a topologial Hausdor or H tp dierentiable
8
alternative for r = 3 or assoiative for 0 ≤ r ≤ 2 group, then AG and BG
are topologial Hausdor or C∞ or H tp dierentiable alternative for r = 3 or
assoiative for 0 ≤ r ≤ 2 groups respetively.
Proof. Dene on AG and BG group strutures. Introdue a homeo-
morphism pairing: ∆n × ∆k → ∆n+k, where σ is a permutation of the set
{1, 2, ..., n+m + 1} suh that tσ(1) ≤ tσ(2) ≤ ... ≤ tσ(n+k+1), σ ∈ Sn+k+1, Sm
denotes the symmetri group of all permutations of the set {1, ..., m}. Dene
the multipliation for pure states in AG:
(1) |t1, ..., tn, h0[h1|...|hn]| ∗ |tn+1, ..., tn+k+1, hn+k+2[hn+1|...|hn+k+1]| :=
|tσ(1), ..., tσ(n+k+1), (−1)
q(σ)(h0hn+k+2)[hσ(1)|...|hσ(n+k+1)]|,
where hl = ylij(l), yl ∈ Gj(l) for eah l = 0, ..., 2
r − 1, q(σ) ∈ Z is suh that
(−1)q(σ)ij(0)(ij(1)...(ij(n+k+1)ij(n+k+2))...) = (ij(σ(0))ij(σ(n+k+2)))(ij(σ(1))...
(ij(σ(n+k)))ij(σ(n+k+1)))...) in Ar; while in BG:
(2) |t1, ..., tn, [h1|...|hn]| ∗ |tn+1, ..., tn+k+1, [hn+1|...|hn+k+1]| :=
|tσ(1), ..., tσ(n+k+1), (−1)
p(σ)[hσ(1)|...|hσ(n+k+1)]|,
where hl = ylij(l), yl ∈ Gj(l), p(σ) ∈ Z is suh that
(−1)p(σ)ij(1)(ij(2)...(ij(n+k)ij(n+k+1))...) =
ij(σ(1))(ij(σ(2))...(ij(σ(n+k))ij(σ(n+k+1)))...) in Ar.
Dene also an addition in AGˆ:
(1′) |t1, ..., tn, h0[h1|...|hn]|+ |tn+1, ..., tn+k+1, hn+k+2[hn+1|...|hn+k+1]|
:= |tσ(1), ..., tσ(n+k+1), (−1)
q(σ)(h0 + hn+k+2)[hσ(1)|...|hσ(n+k+1)]|
with j(0) = j(n + k + 2); as well as an addition in BGˆ:
(2′) |t1, ..., tn, [h1|...|hn]|+ |tn+1, ..., tn+k+1, [hn+1, ..., hn+k+1]|
= |tσ(1), ..., tσ(n+k+1), (−1)
p(σ)[hσ(1)|...|hσ(n+k+1)]|
for pure states hl = ylij(l), yl ∈ Gˆl for eah l = 0, ..., 2
r − 1. The multiplia-
tions (1, 2) extend to that of rings in the natural way, when some pure states
are zero, hene due to the distributivity on the entire ring as well.
Sine Gˆ is the ring, then these multipliations have unique extensions on
AG and BG. Verify, that AG and BG beome groups with multipliations
(1) and (2) respetively.
Due to (1, 2) we get
(3) v∗conj(v) = |t1, ..., tk, (h0conj(h0))[(h1conj(h1))|...|(hkconj(hk))]| for
eah v = |t1, ..., tk, h0[h1|....|hk]| in AG, while
w ∗ conj(w) = |t1, ..., tk, [(h1conj(h1))|...|(hkconj(hk))]|
for eah w = |t1, ..., tk, [h1|....|hk]| in BG, where hconj(h) ∈ Gˆ0 for eah
h ∈ G, but Gˆ0 is the enter of the ring Gˆ: ab = ba for eah a ∈ Gˆ0 and
b ∈ Gˆ. The Moufang identities in Ar for r = 3 (see [16℄) indues that of in
G suh that
(4) (xyx)z = x(y(xz)) and (x−1yx)z = x−1(y(xz));
(5) z(xyx) = ((zx)y)x and z(x−1yx) = ((zx−1)y)x;
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(6) (xy)(zx) = x(yz)x and (x−1y)(zx) = x−1(zy)x, sine
(7) x−1 = conj(x)(x conj(x))−1,
where (xconj(x)) ∈ G0.
The unit element in AG is
e := {|t1, ..., tk, e[e|...|e]| ∈ (AG)k : k = 0, 1, ...},
where i0 = 1, sine
|t1, ..., tn, h0[h1|...|hn]| ∗ |tn+1, ..., tn+k+1, e[e|...|e]| =
|tn+1, ..., tn+k+1, e[e|...|e]| ∗ |t1, ..., tn, h0[h1|...|hn]| =
|t1, ..., tn, h0[h1|...|hn]| due to equivalene relations 4(2), (1, ..., 1, e[e|...|e]) ∈
|t1, ..., tk, e[e|...|e]|.
The ring Gˆ is Z2 graded in the sense that elements yljl ∈ Gˆljl are even for
l = 0 and odd for l = 1, ..., 2r − 1: (y0i0)(ylyl) = (ylil)(y0i0) = (y0yl)il ∈ Gˆlil
for eah 0 ≤ l ≤ 2r − 1, (ylil)
2 = −y2l i0 ∈ Gˆ0i0, (ylil)(ykik) = −(ykik)(ylil) =
(ylyk)is ∈ Gˆsis for 1 ≤ l 6= k ≤ 2
r − 1, where is = ilik. For eah pure states
g0, ..., gk ∈ Gˆ their produt (...(g0g1)g2...)gk is a pure state, onsequently, sets
AG and BG are Z2 graded analogously to Gˆ having even and odd elements
suh that
(8) AGˆ = (AGˆ0)i0 ⊕ (AGˆ1)i1 ⊕ ...⊕ (AGˆ2r−1)i2r−1 and
(9) BGˆ = (BGˆ0)i0 ⊕ (BGˆ1)i1 ⊕ ...⊕ (BGˆ2r−1)i2r−1. Eah AGj and BGj
is an assoiative topologial Hausdor or H tp dierentiable group isomorphi
with AG0 or BG0 orrespondingly for eah j, sine Gj are ommutative and
assoiative (see also Appendix B4 in [13℄), where G0 denotes the multiplia-
tive group of the ring Gˆ0. Therefore, AG and BG are the multipliative
groups of the rings AGˆ and BGˆ.
If a ∈ AG0 or a ∈ BG0, then ab = ba for eah b ∈ AG or BG respetively.
From Denition 6 it follows, that they are C∞ or H tp groups, when suh is
G.
The inverse element is
(10) {|t1, ..., tk, h0[h1|...|hk]| : k}
−1 = {|t1, ..., tk, h
−1
0 [h
−1
1 |...|h
−1
k ]| : k}
due to (2, 6), sine
(h0(h1...(hk−1hk)...))((...(h
−1
k h
−1
k−1)...h
−1
1 )h
−1
0 ) =
(...(((h0h
−1
0 )(h1h
−1
1 ))(h2h
−1
2 )...)(hkh
−1
k ) = e
for pure states for eah k in view of the Moufang identities (4−6). In general
it follows from (3, 8, 9), sine v∗conj(v) ∈ AG0 or BG0 for v ∈ AG or v ∈ BG
respetively, hene v−1 = conj(v)(v ∗ conj(v))−1 = {|t1, ..., tk, h0[h1|...|hk]| :
k}−1.
In view of (8, 9) and the existene of an inverse element we get, that
AG is alternative, sine 1 ≤ r ≤ 3. Putting h0 = 1 and applying the
equivalene relation Y we get, that BG is also an alternative group, sine the
multipliative group {i0, ..., i7} is alternative. If G is assoiative, for example,
when 1 ≤ r ≤ 2, then AG and BG are assoiative, sine the multipliative
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group {i0, i1, i2, i3} is assoiative.
Thus, groups AG and BG are Z2 graded, hene they are twisted over
{i0, ..., i2r−1}. Consider for Gˆ multipliation and addition operations, then
they indue them for AG and BG as above. It follows, that EGˆ and BGˆ are
twisted rings.
7. Corollary. Let suppositions of Proposition 6 be satised, then ABmG
and BmG are topologial or C∞ or H tp dierentiable groups respetively for
eah m ≥ 1. Moreover, all maps in the short exat sequene e → BaG →
ABaG→ Ba+1G→ e are ontinuous or C∞ or H tp orrespondingly.
Proof. Dene dierentiable spae struture by indution. Suppose that
it is dened on BaG and ∆k × (BaG)m for k,m ≥ 0, where a ≥ 1. Then f :
ABaG→ Ar is C
∞
orH tp if the omposition
∐
n≥0(∆
n−∂∆n)×(BaG)n+1
qA−→
ABaG
f
−→ Ar is either C
∞
or H t
′
p , while f : B
a+1G→ Ar is C
∞
or H tp if the
omposition
∐
n≥0(∆
n − ∂∆n)× (BaG)n
qB−→ Ba+1G
f
−→ Ar is either C
∞
or
H t
′
p , where 0 ≤ r ≤ 3.
A funtion f : ∆k × (Ba+1G)m → Ar is C
∞
or H tp if the omposition
∆k× (
∐
n≥0(∆
n−∂∆n)× (BaG)n)m
id×(qB)
m
−→ ∆k× (Ba+1G)m
f
−→ Ar is either
C∞ or H t
′
p . From this it follows that all maps in the short exat sequenes
are of the same lass of smoothness.
Then the mappings BaG × BaG → BaG and ABaG × ABaG → ABaG
of the form (f, g) 7→ fg−1 are C0 or C∞ or H tp in respetive ases due to
Formulas 6(1−3, 8−10) (see also 1.3.2 [21℄ and 1 and Appendix B in [13℄).
8. Corollary. If a group G satises Conditions 4(A1, A2, C1, C2), then
there exist H tp groups AB
a(WM,{s0,q:q=1,...,k}E)t,H and B
a(WM,{s0,q:q=1,...,k}E)t,H
for eah a ∈ N.
Proof. The wrap group (WM,{s0,q:q=1,...,k}E;N,G,P)t,H is a prinipal G
k
bundle over (WM,{s0,q:q=1,..,k}N)t,H , where (W
M,{s0,q:q=1,...,k}N)t,H is ommu-
tative and assoiative (see Proposition 7(1) in [22℄).
If g ∈ Gˆ, then g has the deomposition g = g0i0 + ... + g2r−1i2r−1 with
gj ∈ Gˆj for eah j = 0, 1, ..., 2
r − 1 and
(1) g0 = (g + (2
r − 2)−1{−g +
∑2r−1
s=1 is(gi
∗
s)})/2 and
(2) gj = (ij(2
r − 2)−1{−g +
∑2r−1
s=1 is(gi
∗
s)} − gij)/2
for eah j = 1, ..., 2r−1. Therefore, eah g0, ..., g2r−1 has analyti expressions
through g due to Formulas (1, 2). Fix this representations. Then the H tp
dierentiable parallel transport struture P with the groups G indues the
H tp dierentiable parallel transport strutures jP with groups Gj.
Sine Gˆk is isomorphi with
⊕
0≤j(1),...,j(k)≤2r−1(Gˆj(1)ij(1), ..., Gˆj(k)ij(k)) whih
is isomorphi with
⊕
0≤j(1),...,j(k)≤2r−1 Gˆ
k
0(ij(1), ..., ij(k)), then
(WM,{s0,q:q=1,...,k}E;N,G,P)t,H is isomorphi with a group
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{f = (f1, ..., fk) ∈
⊕
0≤j(1),...,j(k)≤2r−1[(W
M,{s0,q:q=1,...,k}E;N,G0,P)t,H ∪ {0}]
(ij(1), ..., ij(k)) : f1 6= 0, ..., fk 6= 0}, where (ij(1), ..., ij(k)) ∈ (A
∗
r)
k
and (A∗r)
k
has the embedding into the family of all k× k matries with entries in Ar as
diagonal matries, (WM,{s0,q:q=1,...,k}E;N,Gj,P)t,H is ommutative for eah
j = 0, ..., 2r − 1 due to Theorem 6 [21℄.
The onstrution of Proposition 5 above has the natural generalization
for Gk instead of G suh that
AGˆk =
⊕
0≤j(1),...,j(k)≤2r−1(AGˆj(1)ij(1), ..., AGˆj(k)ij(k))
whih is isomorphi with
⊕
0≤j(1),...,j(k)≤2r−1AGˆ
k
0(ij(1), ..., ij(k)), also
BGˆk is isomorphi with
⊕
0≤j(1),...,j(k)≤2r−1BGˆ
k
0(ij(1), ..., ij(k)), onsequently,
A(WM,{s0,q:q=1,...,k}E;N,G,P)t,H is isomorphi with a group
{v ∈
⊕
0≤j(1),...,j(k)≤2r−1[A(W
M,{s0,q:q=1,...,k}E;N,G0,P)
k
t,H∪{0}](ij(1), ..., ij(k)) :
vn = |t1, ..., tn, h0[h1|...|hn]|, hj 6= 0∀j, ∀n} and
B(WM,{s0,q:q=1,...,k}E;N,G,P)t,H is isomorphi with
{v ∈
⊕
0≤j(1),...,j(k)≤2r−1[B(W
M,{s0,q:q=1,...,k}E;N,G0,P)
k
t,H∪{0}](ij(1), ..., ij(k)) :
vn = |t1, ..., tn, [h1|...|hn]|, hj 6= 0∀j, ∀n}. Continuing this by indution on a
and using Corollary 7 we get the statement of this orollary for eah a ∈ N.
9. Lemma. Let N be a C∞ or H tp manifold over Ar with 0 ≤ r ≤ 3
and G a C∞ or H tp dierentiable group. If f : N → BG is a mapping suh
that for eah y ∈ N there exists an open neighborhood V of y in N suh that
f |V = |f0, f1, ..., fn, [g1|...|gn]| with f0, ..., fn being C
∞
or H tp dierentiable
mappings, then f is either C∞ or H tp dierentiable mapping orrespondingly.
Proof. If h : BG → Ar is a C
∞
or H tp mapping, then for eah n ≥ 1
the omposition ∆n × Gn
qB−→ BG
h
−→ Ar is of the orresponding lass.
For the ommutative diagram onsisting of N
f
−→ BG
h
−→ Ar and N
f¯
−→
∆n×Gn
qB−→ BG and f = qb ◦ f¯ , where f¯ := (f0, ..., fn, h1, ..., hn) both f¯ and
h ◦ qB are ontinuous C
∞
or H tp. Then the omposition h ◦ f = h ◦ qB ◦ f¯ is
ontinuous and either C∞ or H tp, where as usually h ◦ f(y) := h(f(y)). Thus
f : N → BG is ontinuous either C∞ or H tp respetively.
10. Twisted bar resolution and hyperohomologies. For a twisted
group G satisfying Conditions 4(A1, A2, C1, C2) the omposition of the short
exat sequenes
(1) e→ BaG→ ABaG→ Ba+1G→ e indues the long exat sequene
(2) e→ G→ AG
σ
−→ ABG
σ
−→ AB2G
σ
−→ ...
σ
−→ ABaG
σ
−→ ...,
where for eah a ≥ 0 the homomoprhism σ : ABaG → ABa+1G is the
omposition ABaG→ Ba+1G→ ABa+1G of the surjetion ABaG→ Ba+1G
and the monomorphism Ba+1G→ ABa+1G.
In view of Corollary 7 the short exat sequene (2) is a C∞ or H tp B
aG-
extension of Ba+1G. Hene the long exat sequene (2) indues the long
exat sequene of twisted sheaves
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(3) e → GN → AGN
σ
−→ ABGN
σ
−→ AB2GN
σ
−→ ...
σ
−→ ABaGN
σ
−→
...,
whih we will all the (twisted) bar resolution of the sheaf GN , where GN
denotes the sheaf of C∞ or H tp funtions on N with values in G.
Suppose that S∗ and F∗ are omplexes of sheaves of G-modules, where G
is a sheaf of rings, where S∗ and F∗ and G may be simultaneously twisted over
{i0, ..., i
2r−1}. Then a homomorphism mapping σ : S∗ → F∗ of suh om-
plexes indues a mapping of ohomology sheaves Hj(σ) : Hj(S∗) → Hj(F∗),
where Hj(S∗) is the sheaf assoiated with the pre-sheaf U 7→ [ker(Γ(U,F j))→
Γ(U,F j+1))]/im[(Γ(U,F j−1))→ Γ(U,F j))], where Γ(U,Sj) denotes the group
of setions of the sheaf Sj for a subset U open in X (see also 1). Then σ is
alled a quasi-isomorphism, if Hj(σ) is an isomorphism for eah j.
We onsider omplexes bounded below, that is there exists j0 suh that
Sj = 0 for eah j < j0.
A mapping σ : S∗ → T ∗ is alled an injetive resolution of S∗ if T ∗ is
a omplex of G-modules bounded below, σ is a quasi-isomorphism and the
sheaves T b are injetive, whih means that Hom(B, T b) → Hom(K, T b) is
surjetive for eah injetive mapping K → B of sheaves of G-modules.
Let G be a onstant sheaf of rings, may be twisted over {i0, ..., i2r−1}.
Suppose that S∗ is a omplex of G-modules bounded below. The hyperoho-
mology group hH
b(X,S∗) is dened to be the G-module suh that
hH
b(X,S∗) := [ker(Γ(X, T b)→ Γ(X, T b+1)]/[im(Γ(X, T b−1)→ Γ(X, T b)].
If σ : S∗ → F∗ is a quasi-isomorphism, then σ indues an isomorphism of
the hyperohomology groups:
σ : hH
b(X,S∗) ∼= hH
b(X,F∗) (see also [13℄ and the referene [EV ] in
it). In view of Lemma 16 [22℄ the hyperohomology groups hH
b(X,S∗) are
twisted over {i0, ..., i2r−1}, when S
∗
and G are twisted over {i0, ..., i2r−1}.
11. Proposition. The sequene 10(3) is an ayli resolution of the
sheaf GN .
Proof. Eah standard simplex ∆n with n ≥ 1 has a C∞ retration
zˆ : ∆n × [0, 1]→ {y} into a point y belonging to it.
There exists a C∞ deformation retration
(1) fˆ : AG× [0, 1]→ AG supplied by the family of mappings
(2) fˆn : (AG)n × [0, 1]→ (AG)n+1, where
(3) (AG)n := qA(
∐
j≤n∆
j ×Gj+1) ⊂ AG and
(4) fˆn(|t1, ..., tn, h0[h1|...|hn]|, t) := |Φ(0, t),Φ(t1, t), ...,Φ(tn, t), h0[h1|...|hn]|,
where Φ : [0, 1]2 → [0, 1] is dened as the omposition Φ(x, t) := φ(min(1, x+
t)) taking φ a smooth nondereasing funtion φ : [0, 1] → [0, 1] suh that
φ(0) = 0 and φ(1) = 1.
Then for eah C∞ or H tp dierentiable mapping v : AG → Ar we get
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v ◦ fˆ ◦ (qn × id) = v
n+1 ◦ hˆn and v ◦ qA = v
n+1
, where qn × id : (∆
n ×
Gn+1) × [0, 1] → AG × [0, 1], hˆn : (∆
n × Gn+1) × [0, 1] → ∆n+1 × Gn+2
is the smooth mapping given by the formula hˆn(t1, ..., tn, g0, g1, ..., gn, t) =
(Φ(0, t),Φ(t1, t), ...,Φ(tn, t), e, g0, g1, ..., gn).
At the same time ∆n+1 has a C∞ retration onto ∆n for eah n ≥ 0 while
the group G is C∞ or H tp dierentiable and arwise onneted. Therefore,
for eah b > 0 the ohomology group Hb(N,AGN) is trivial (see also 2.2 [3℄
and 54 below).
12. A sheaf S on X is alled soft if for eah losed subset Y of X the
restrition map S(X)→ S(Y ) is a surjetion.
12.1. Lemma. For a C∞ or H tp dierentiable group G satisfying ondi-
tions 4(A1, A2, C1, C2) the sheaf AGN is soft.
Proof. Consider a losed subset Y of N and a setion σY of AGN over
Y . In aordane with the denition of a setion over a losed subset there
exists an open set U and an extension σU of σY from Y onto U suh that
Y ⊂ U ⊂ N . From the paraompatness of N there exists a neighborhood
V of Y suh that cl(V ) ⊂ U , where cl(V ) denotes the losure of V in N .
Therefore, the extension σ of σY to a global setion of AGN is provided by the
formula σ(x) = fˆ(σU(x), ψ(x)), where fˆ : AG× [0, 1]→ AG is a deformation
retration (see 11) and ψ : N → [0, 1] is either a C∞ or H tp dierentiable
funtion equal to 1 on V and equal to 0 on M \ U .
13. Remark. Let now N be a C∞ or H∞ manifold over Ar and
T (N,G, π,Ψ) be a tangent bundle with T = TN and the projetion π :
T → N , where onneting mappings φj ◦ φ
−1
k for Vj ∩ Vk 6= ∅ of the atlas
At(N) = {(Vj, φj) : j} of the manifold N are Ar holomorphi for 1 ≤ r ≤ 3,
φj ◦ φ
−1
k ∈ H
∞
. Denote by T the sheaf of germs of smooth setions of
T . Then BT denotes the sheaf assoiated with a the pre-sheaf assigning
to eah open subset V of N the group of setions of the natural projetion
∐
y∈V B(π
−1(y))→ V , whih are loally of the form
(1) y 7→ |t1(y), ..., tn(y), [σ1(y)|...|σn(y)]|, where t1, ..., tn are C
∞
for r = 1
or H∞ for 1 ≤ r ≤ 3 funtions and σ1, ..., σn are C
∞
or H∞ setions of the
vetor bundle T (N,G, π,Ψ). Using onstrutions above we dene Ba+1T for
eah a ∈ N by indution.
Then Ba+1T is the sheaf assoiated with the pre-sheaf assigning to an
open subset V of N the group of setions of the natural projetion
∐
y∈V B
a+1(π−1(y)) → V having the loal form (1), where σ1, ..., σn are
setions of BaT over V . Similarly we dene ABaT .
If now T = ΛbT ∗N is the b-th exterior power of the otangent bun-
dle of N , then the above onstrution produes the sheaves ABaSbN,Ar and
Ba+1SbN,Ar of AB
aAr and B
a+1Ar valued respetively dierential C
∞
forms
on N , where the index Ar may be omitted, when the Cayley-Dikson algebra
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Ar is speied. In the equation
(2) w =
∑
J fJ(z)dxb1,j1 ∧ dxb2,j2 ∧ ... ∧ dxbk ,jk ,
where fJ : N → AB
aAr or fJ : N → B
a+1Ar, z = (z1, z2, ...) are loal
oordinates in N , zb = xb,0i0 + xb,1i1 + ... + xb,2r−1i2r−1, where zb ∈ Ar,
xb,j ∈ R for eah b and every j = 0, 1, ..., 2
r − 1, J = (b1, j1; b2, j2; ...; bk, jk).
Sine eah topologial vetor spae Z over Ar with 2 ≤ r ≤ 3 has the
natural twisted struture Z = Z0i0 ⊕ Z1i1 ⊕ ... ⊕ Z2r−1i2r−1 with pairwise
isomorphi topologial vetor spaes Z0, ..., Z2r−1 over R, then TN and T
∗N
and ΛbT ∗N have twisted strutures, where X∗ denotes the spae of all on-
tinuous Ar additive and R homogeneous funtionals on X with values in Ar,
when 2 ≤ r ≤ 3, while X∗ over C is the usual topologially dual spae of
ontinuous C-linear funtionals on X . Therefore, due to Proposition 6 BaT
and ABaT have the indued twisted struture for eah a ∈ N.
Eah setion σ of the sheaf ABaSkN an be written in the form: σ =
|h0, .., hn, σ0, ..., σn|, where σ0, ..., σn are smooth dierential B
aAr valued dif-
ferential k-forms on V and {hj : j = 0, 1, 2, ...} is a C
∞
smooth partition
of unity on V . An addition of dierential forms indues the additive group
struture. As a multipliation there an be taken the external produt of
dierential forms whih is twisted over Ar for 2 ≤ r ≤ 3.
The group of setions of the sheaf ABbSkN for an open subset V in N
denote by Γ(V,ABbSkN ). The sequene of the groups 0 → Γ(V,S
k
N ) →
Γ(V,ASkn) → Γ(V,BS
k
N ) → 0 is exat for eah open subset V in N , sine
the sequene of vetor bundles 0→ ΛkT ∗N → AΛkT ∗N → BΛkT ∗N → 0 is
exat.
The twisted struture of the groups ABbSkN indues the twisted struture
of Γ(V,ABbSkN). Therefore, the sequene of sheaves 0→ B
bSkN → AB
bSkN →
Bb+1SkN → 0 is exat as well as for eah b ≥ 0.
The omposition of these sequenes indues a long exat sequene
(2) 0→ SkN → AS
k
N
σ
−→ ABSkN
σ
−→ ...
σ
−→ ABbSkN
σ
−→ ...,
where σ : ABbSkN → AB
b+1SkN is the omposition of mappings AB
bSkN →
Bb+1SkN → AB
b+1SkN . The sequene (2) will be alled the bar resolution of
the sheaf SkN .
Let S be an arbitrary twisted sheaf on a topologial spae X . Denote by
AS and BS sheaves assoiated with the pre-sheaves V 7→ A(Γ(V,S)) and
V 7→ B(Γ(V,S)) orrespondingly. The stalks of AS and BS are ASx and
BSx at x, while the sequene
(3) e→ Sx → A(Sx)→ B(Sx)→ e
is exat, onsequently, the sequene of sheaves
e→ S → AS → BS → e
is also exat. The omposition of these sequenes gives the bar resolution of
S
15
(4) e→ S → AS
σ
−→ ABS
σ
−→ ...
σ
−→ ABbS
σ
−→ ....
The omplex of sheaves
(5) B∗(S) : AS
σ
−→ ABS
σ
−→ ...
σ
−→ ABbS
σ
−→ ...
is alled the bar omplex of S. The bar resolution of S is an ayli resolution
of S that is dedued analogously to the proofs of Proposition 11 and Lemma
12.1. Thus the ohomology of S is equal to the ohomology of the ohain
omplex
(6) Γ(N,AS)
σ
−→ Γ(N,ABS)
σ
−→ ...
σ
−→ Γ(N,ABbS)
σ
−→ ....
The omplex (6) will be alled the bar ohain omplex of S and will be
denoted by C∗B(S).
Eah short exat sequene of sheaves e → E → F → Y → e twisted
over generators {i0, i1, ..., i2r−1}, 2 ≤ r ≤ 3, indues a short exat sequene
of omplexes sheaves e → B∗(E) → B∗(F ) → B∗(Y ) → e, where B∗(F ) :
AF
σ
−→ ABF
σ
−→ AB2F
σ
−→ ...
σ
−→ ABbF
σ
−→ ... is the bar omplex of F .
14. Proposition. If a sequene of groups e → K → G → J → e
is exat, where E and K,G, J are arwise onneted, then the sequene
e → (WME;N,K,P)t,H → (W
ME;N,G,P)t,H → (W
ME;N, J,P)t,H → e
is exat.
Proof. In view of Proposition 7.1 [22℄ (WME;N,K,P)t,H is the prinipal
ber bundle over (WMN)t,H with the struture group K
k
,
πK,∗ : (W
ME;N,K,P)t,H → (W
MN)t,H ,
π−1K,∗ < w0 >t,H=< w0 >t,H ×K
k = e × Kk, where e ∈ (WMN)t,H denotes
the unit element. Sine the sequene e → Kk → Gk → Jk → e is exat as
well, then the orresponding sequene of wrap groups is exat.
15. Proposition. Let G be a C∞ or H tp dierentiable twisted group
over {i0, i1, ..., i2r−1} satisfying Conditions 4(A1, A2, C1, C2). Then for eah
C∞ or H tp prinipal G -bundle E(N,G, π,Ψ) there exists a C
∞
or H tp dif-
ferentiable mapping φ : N → BG suh that E → N is the pull-bak of the
universal prinipal G bundle by φ.
Proof. Consider an open overing V = {Vj : j ∈ J} of N , where J is
a set, suh that for eah j ∈ J there exists a trivialization ψj : π
−1(Vj) →
Vj ×G. Dene a mapping gj : E → G by the formula gj(x) = pr2(ψj(x)) for
x ∈ π−1(Vj), gj(x) = e for x /∈ π
−1(Vj), where e denotes the neutral element
in G and pr2 : Vj ×G→ G is the projetion on the seond fator.
For a prinipal G bundle E(N,G, π,Ψ) onsider a family of H t
′
p transition
funtions {gi,j : i, j ∈ J} related with an open overing V := {Vj : j ∈ J}
of an H t
′
p manifold N over Ar, where J is a set, gi,j : Vi ∩ Vj → A
∗
r, when
the intersetion Vi ∩ Vj 6= ∅ is non-void, 1 ≤ r ≤ 3, n ∈ N. Introdue the
mapping
(1) gE,N(x) := |fj(0), fj(1), ...fj(n), [gj(0),j(1)|gj(1),j(2)|...|gj(n−1),j(n)]|
suh that gE,N : N → BG, where {fj : j ∈ J} is an H
t1
p partition of
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unity subordinated to U with t′ ≤ t1 ≤ ∞. Therefore, gE,N an be hosen
of the smoothness lass H t
′
p . Thus, E(N,G, π,Ψ) is the pull-bak of the
universal bundle AG(BG,G, πAB,Ψ
A) by the lassifying mapping gE,N , where
πAB : AG→ BG is as in 4. Show it in details.
Take a partition of unity of lass C∞ orH tp subordinated to to the overing
V and Φ : A→ AG be the following mapping
Φ(y) := |fj0(π(y)), fj1(π(y)), ..., fjn(π(y)), gj0(y), gj1(y), ..., gjn(y)|, where
j0, ..., jn are indies suh that fj(π(y)) 6= 0 for eah j ∈ {j0, ..., jn}. Then Φ
is G equivariant, whih means that Φ(yh) = Φ(y)h for all y and h ∈ G, sine
gj(yh) = pr2(ψj(yh)) for yh ∈ π
−1(Vj) and gj(yh) = e for yh /∈ π
−1(Vj).
Indeed, y ∈ π−1(y) is equivalent to yh ∈ π−1(Vj) for eah h ∈ G, sine
π−1(Vj) = Vj × G, where y = (u, q) with u ∈ N and q ∈ G and (u, q)h =
(u, qh) in loal oordinates. Thus gj(yh) = gj(y)Rh, where Rh = h for
y ∈ π−1(Vj) and Rh = e for y /∈ π
−1(Vj).
Therefore, Φ indues a morphism of prinipal G-bundles
A
Φ
−→ AG
↓ π ↓
N
φ
−→ BG
where the restrition of φ to Vj is φ(x)|Vj = |fj0, fj1(x), ..., fjn(x), [gj0(σ(x)) :
gj1(σ(x)) : ... : gjn(σ(x))]|, σ : Vj → π
−1(Vj) is a smooth setion of the
restrition π−1(Vj)→ Vj for π : E → N . Consider equivalene lasses qj ∼ gj
if and only if there exist s1, ..., sm ∈ G suh that (sm(sm−1...(s1(qj)...) = gj,
hene qjh ∼ gjh, sine qjh ∼ gjh if and only if h
−1qj ∼ h
−1gj, whih is
equivalent with h(sm(sm−1...(s1(h
−1qj)...) = gj. Due to the alternativity of
the group G we get [(...(g−1j s
−1
1 )...s
−1
m−1)s
−1
m ][(sm(sm−1...(s1gl)...)] = g
−1
j gl.
Therefore, in the non-homogeneous oordinates the mapping φ takes the
form φ(x) = |fj0(x), fj1(x), ..., fjn(x), [gj0,j1(x)|gj1,j2(x)|...|gjn−1,jn(x)]|, where
gj,l(x) = [gj(σ(x))]
−1gl(σ(x)) are transition funtions assoiated with the
open overing of N by the open sets {x ∈ N : fj(x) > 0}. Then the mapping
φ(x) is independent from the hoie of σ, sine gj are G-equivariant. All
funtions gj are either C
∞
or H tp, hene φ is either C
∞
orH tp orrespondingly.
16. Corollary. For eah smooth C∞ or H tp prinipal B
bA∗r bundle
with 1 ≤ r ≤ 3 there exists a C∞ or H tp dierentiable mapping φ : N →
Bb+1A∗r suh that E(N,G, π,Ψ) is the pull-bak of the universal prinipal
BbA∗r-bundle by φ, where G = B
bA∗r.
17. Lemma. Let G be a dierentiable (topologial) group twisted over
{i0, ..., i2r−1} for 1 ≤ r ≤ 3 satisfying Conditions 4(A1, A2, C1, C2). Then
the group of isomorphism lasses of C∞ smooth (ontinuous) prinipal G-
bundles over N is isomorphi with the group [N,BG]∞ of smooth (or [N,BG]0
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of ontinuous respetively) homotopy lasses of smooth (ontinuous) maps
from N to BG.
Proof. Eah prinipal G-bundle over N has properties 4(A1, A2, C1, C2)
indued by that of G, where loally π−1(Vj) = Vj×G, conj(y) = (u, conj(g))
for eah y = (u, g) ∈ Vj × G, while {i0, ..., i2r−1} for 2 ≤ r ≤ 3 is the
multipliative group, whih is assoiative for r = 2 and alternative for r = 3.
Consider a short exat sequene e→ GN → AGN → BGN → e. In view
of Lemma 16 [22℄ it indues the ohomology long exat sequene
... → C∞(N,AG)
pi∗−→ C∞(N,BG) → H1(N,GN) → H
1(N,AGN) → ....
From H1(N,AGN ) ∼= e we get the isomorphismC
∞(N,BG)/π∗C
∞(N,AG) ∼=
H1(N,GN). Then the image π∗C
∞(N,AG) of the group C∞(N,AG) in
C∞(N,BG) onsists of all smooth maps from N to BG for whih there
exist lift mappings from N to AG.
On the other hand, f ∈ C∞(N,BG) has a lift F : N → AG if and only if f
is smooth (or ontinuous) homotopi to a onstant mapping, sine [g0 : ... : gn]
in (BG)n is the equivalene lass {(g0, ..., gn) ∼ (sm(...(s1g0)...), ..., (sm...(s1gn)...)) :
s1, ..., sm ∈ G,m ∈ N}, onsequently, C
∞(N,BG)/π∗C
∞(N,AG) ∼= [N,BG]∞.
In the lass of ontinuous mappings we get analogouslyC0(N,BG)/π∗C
0(N,AG) ∼=
[N,BG]0.
18. Notes. In view of 4-6 there exists a short exat sequene
e→ G→ AG→ BG→ e
of H t
′
p homomorphisms due to the twisted strutures of G, AG and BG (see
Equations 4(A2) and 6(8, 9)).
To groups AG and BG are assigned simpliial topologial groups AG.
and BG. with fae homomorphisms ∂j : AGn → AGn−1 given by:
(1) ∂j(h0[h1|...|hn]) = h0h1[h2|...|hn] for j = 0,
∂j(h0[h1|...|hn]) = h0[h1|...|hjhj+1|...|hn] for 0 < j < n,
∂j(h0[h1|...|hn]) = h0[h1|...|hn−1] for j = n. While ∂j : BGn → BGn−1
has the form:
(2) ∂j([h1|...|hn]) = [h2|...|hn] for j = 0,
∂j([h1|...|hn]) = [h1|...|hjhj+1|...|hn] for 0 < j < n,
∂j([h1|...|hn]) = [h1|...|hn−1] for j = n.
The degeneray homomorphisms sj : AGn → AGn+1 are presribed by
the formula:
(3) sj(h0[h1|...|hn]) = h0[e|h1|...|hn] for j = 0,
sj(h0[h1|...|hn]) = h0[h1|...|hj|e|hj+1|...|hn] for 0 < j < n,
sj(h0[h1|...|hn]) = h0[h1|...|hn|e] for j = n. While sj : BGn → BGn+1 is
given by:
(4) sj([h1|...|hn]) = [e|h1|...|hn] for j = 0,
sj([h1|...|hn]) = [h1|...|hj |e|hj+1|...|hn] for 0 < j < n,
sj([h1|...|hn]) = [h1|...|hn|e] for j = n.
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Analogous mappings are for simplies:
(5) ∂j(t0, ..., tn+1) = (t0, ..., tj, tj , tj+1, ..., tn+1) and
(6) sj(t0, ...., tn+1) = (t0, ..., tj, tˆj+1, tj+2, ..., tn+1), where tˆj+1 means that
tj+1 is absent.
The geometri realization |AG.| of the simpliial spae AG. is dened to
be the quotient spae of the disjoint union ⊔∞n=0∆
n×Gn+1 by the equivalene
relations
(7) (∂jx, g¯) ∼ (x, ∂j g¯) for eah (x, g¯) ∈ ∆
n−1 × Gn+1, while (sjx, g¯) ∼
(x, sj g¯) for eah (x, g¯) ∈ ∆
n+1 × Gn+1. At the same time the geometri
realization |BG.| of the simpliial spae BG. is the quotient of the disjoint
union ⊔∞n=0∆
n ×Gn by the equivalene relations
(8) (∂jx, g¯) ∼ (x, ∂j g¯) for eah (x, g¯) ∈ ∆
n−1×Gn, while (sjx, g¯) ∼ (x, sj g¯)
for eah (x, g¯) ∈ ∆n+1 ×Gn.
Consider a non-ommutative sphere Cr := {z ∈ Ir : |z| = 1} for r = 2, 3,
where Ir := {z ∈ Ar : Re(z) = 0}. For r = 1 put Cr = {i,−i}, where
i = (−1)1/2. Let Z(Cr) denotes the additive group Z
Cr/Z, where ZCr :=
∏
b∈Cr Tb, Tb = Zb for eah b ∈ Cr, Z is the additive group of integers, Z is the
equivalene relation suh that Tb×T−b/Z = Tb for eah b ∈ Cr. For 2 ≤ r ≤ 3
the group Z(Cr) is isomorphi with Z
α
, where card(α) = card(R) =: c.
Partiularly, Z(C1) = Zi for r = 1.
Heneforth, we onsider twisted sheaves and ohomologies over {i0, ..., i2r−1},
where 2 ≤ r ≤ 3. In partiular, the omplex ase will also be inluded for
r = 1, but the latter ase is ommutative over C. So we an onsider simul-
taneously 1 ≤ r ≤ 3 and generally speak about twisting undermining that
for r = 1 it is degenerate.
19. Proposition. Let G be the group either A∗r or Z(Cr), where 1 ≤ r ≤
3. Then for eah H∞ smooth manifold N over Ar and eah b ≥ 2 the group
Hb(N,Z(Cr)) is isomorphi with:
(1) the group E(N,Bb−2G) of isomorphism lasses of smooth prinipal
Bb−2G-bundles over N ;
(2) the group [N,Bb−1G]∞ of smooth homotopy lasses of smooth map-
pings from N to Bb−1G.
Proof. In view of Corollary 3.4 [27, 28℄ there exists the short exat
sequene
(1) 0→ Z(Cr)
η
−→ Ar → A
∗
r → 1,
sine exp(M + 2πkM/|M |) = exp(M) for eah non-zero purely imaginary
M ∈ Ir (with Re(M) = 0) and every k ∈ Z, 1 ≤ r ≤ 3, where η(z) = 2πz
for eah z ∈ Ar. If f : Ar → A
∗
r is a dierentiable funtion, then (dLnf).h =
w(h) is the dierential one-form onsidering d as the external dierentiation
over R, where h ∈ Ar. In the partiular ase of G = A
∗
r with 1 ≤ r ≤ 3
there exist further short exat sequenes
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(2) 1→ A∗r → AA
∗
r → BA
∗
r → 1
(3) 1→ BA∗r → ABA
∗
r → B
2A∗r → 1
(4) 1→ BmA∗r → AB
mA∗r → B
m+1A∗r → 1.
Therefore, identifying the ends of these short exat sequenes we get the
long exat sequene
(5) 0→ Z(Cr)→ Ar → AA
∗
r → ABA
∗
r → ...→ AB
mA∗r → ...,
where σ : Ar → AA
∗
r,..., σ : AB
m−1A∗r → AB
mA∗r are homomorphisms, all
terms Ar, AA
∗
r,...,AB
mA∗r,... are ontratible spaes.
Suppose now that N and E are of lass H∞. Let C∞(N,ABmA∗r) denotes
the sheaf of germs of C∞ funtions from N into ABmA∗r. Thus, we get the
funtor C∞. Then the appliation of C∞ funtor to the long exat sequene
(5) gives:
(6) 0→ Z(Cr)N → C
∞(N,Ar)→ C
∞(N,AA∗r)→ C
∞(N,ABA∗r)→ ...→
C∞(N,ABmA∗r)→ ...,
where σ∗ : C
∞(N,Ar)→ C
∞(N,AA∗r),...,σ∗ : C
∞(N,ABm−1A∗r)→ C
∞(N,ABmA∗r)
are indued homomorphisms.
The latter exat sequene is alled the bar resolution of Z(Cr)N . Sheaves
C∞(N,Ar) and C
∞(N,ABmA∗r) are ontratible, sine Ar and AB
mA∗r are
ontratible. Therefore, the ohomology of the sheaf Z(Cr)N an be omputed
using the omplex
(7) C∞(N,Ar)→ C
∞(N,AA∗r)→ ...→ C
∞(N,ABmA∗r)→ ...
with homomorphisms
σ∗ : C
∞(N,Ar)→ C
∞(N,AA∗r),...,σ∗ : C
∞(N,ABm−1A∗r)→ C
∞(N,ABmA∗r).
The long exat sequene (7) we all a bar ohain omplex of Z(Cr)N . The
ohomology of Z(Cr)N omputed with the help of the bar omplex is denoted
by H∗b(N,Z(Ar)N) and it is alled the bar ohomology of Z(Cr)N . Then
π0C
∞(N,BA∗r) is the rst bar ohomology H
1
b(N,Z(Ar)N) of Z(Cr)N .
For the generalized exponential sequene
0 → Z(Cr)N → AB
<b−2GN → B
b−2GN [2 − b] → e there exists the oho-
mology long exat sequene
...→ hH
b−1(N,AB<b−2GN)→ H
1(N,Bb−2GN)
→ Hb(N ;Z(Cr))→ hH
b(N,AB<b−2GN)→ ...,
where AB<bGN is the omplex
KN
σ
−→ AGN
σ
−→ ABGN
σ
−→ AB2GN
σ
−→ ...
σ
−→ ABb−1GN ,
K is equal to either Ar or AZ(Cr) for G = A
∗
r or G = BZ(Cr) respetively,
where hH
b(N,B) denotes a hyperohomology on N with oeients in a
omplex of sheaves B (see its denition in [3, 12, 13℄ and 10 above).
We have that for eah b ≥ 0 the sheaf ABbGN is ayli. Consider the
groups of global setions ABbGN(N) of the sheaves AB
bGN . Therefore, the
ohomology of the omplex AB<b−2GN is equal to the ohomology of the
ohain omplex
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K
σ
−→ AGN(N)
σ
−→ ABGN (N)
σ
−→ AB2GN(N)
σ
−→ ...
σ
−→ ABb−1GN(N).
Thus, hH
m(N,AB<b−2GN) ∼= H
m(N,AB<b−2GN (N)) ∼= e for eah m >
b−2, onsequently, the oboundary homomorphismH1(N,Bb−2GN)→ H
b(N ;Z(Cr))
is an isomorphism (see also Chapter 2 4 in [3℄ for abelian sheafs).
The seond statement of this proposition follows from Lemma 17.
20. Lemma. Let X be a topologial vetor spae over Ar, 2 ≤ r ≤ 3.
Then AX and BX with respet to the additive group struture of X and with
respet to the multipliation on salars from Ar in homogeneous oordinates
are Ar vetor spaes and the projetion AX → BX is R-homogeoneous and
Ar additive.
Proof. Dene the multipliations by: for Ar × AX → AX as
s|t1, ..., tn; v0[v1|...|vn]| = |t1, ..., tn; sv0[sv1|...|svn]|,
for AX ×Ar → AX as
|t1, ..., tn; v0[v1|...|vn]|s = |t1, ..., tn; v0s[v1s|...|vns]|,
for Ar × BX → BX as
s|t1, ..., tn; [v1|...|vn]| = |t1, ..., tn; [sv0|...|sxn]|,
for BX ×Ar → BX as
|t1, ..., tn; [v1|...|vn]|s = |t1, ..., tn; [v1s|...|vns]|.
Then if qj = sm(sm−1...(s1vj)...) for eah j, then for z 6= 0 we get zqj =
z(sm...(s1(z
−1(zvj)))...) due to the alternativity of the otonion algebra O,
while for z = 0 we trivially get 0 = (sm...(s10)...). Thus suh multipliation is
ompatible with the equivalene relations, sine X = X0i0⊕ ...⊕X2r−1i2r−1,
where X0, ..., X2r−1 are pairwise isomorphi topologial vetor spaes over R
suh that we put vx = xv for eah v ∈ Xj and x ∈ R.
Sine R is the enter of the algebra O, then the projetion from AX to
BX is R-linear. Evidently, it is additive as the additive group homomor-
phism.
21. Remark. Let N. be a simpliial smooth manifold over Ar, where
0 ≤ r ≤ 3. A smooth m-form w on the geometri realization |N.| of N.
is dened to be as a family {wk : k} of smooth dierential m-forms wk
on ∆k × Nk with values in Ar being applied to vetors, satisfying for eah
0 ≤ j ≤ n the ompatibility onditions:
(1) (∂j × id)∗wn = (id× ∂j)
∗wn−1
(2) (sj × id)∗wn = (id× sj)
∗wn+1,
where ∂j × id, id× ∂j , s
j × id and id× sj are the maps as follows:
(3) id× ∂j : ∆
n−1×Nn → ∆
n−1×Nn−1, ∂
j × id : ∆n−1×Nn → ∆
n×Nn,
id × sj : ∆
n+1 × Nn → ∆
n+1 × Nn+1, s
j × id : ∆n+1 × Nn → ∆
n × Nn suh
that ∂j and sj are ofae and the odegeneray maps on ∆n and ∂j , sj are
the fae and the degeneray maps on Nn. We onsider w taking values in a
vetor spae or an algebra over Ar as is speied below.
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For a Lie group G either over R or may be twisted over Ar and its
Lie algebra g put g−1dg as the anonial g-valued onnetion 1-form on
G (see also Lemma 20). Under the mapping g 7→ hg and dg 7→ hdg we
have (g−1h−1)(hdg) = g−1dg due to the alternativity of G and the Mau-
fang identity (xy)(zx) = x(yz)x for eah x, y, z ∈ O and de = d(g−1g) =
0 = (dg−1)g + g−1dg = [(dg−1)h−1](hg) + (g−1h−1)(hdg). Iterating this re-
lation due to the alternativity of O and the Moufang identities in it we
get the equivariane ondition in homogeneous oordinates over O as well:
[(...(g−1s−11 )...s
−1
m−1)s
−1
m ][sm(sm−1...(s1dg1)...)] = g
−1
1 dg1.
The total spae AG of the universal prinipal g-bundle AG→ BG arries
a smooth g-valued form w. The evaluation of w is w|x0, ..., xn, g0, ..., gn| =
x0g
−1
0 dg0 + x1g
−1
1 dg1 + ... + xng
−1
n dgn, where x0, ..., xn are baryentri o-
ordinates in ∆n. Eah term xng
−1
n dgn.s is in g for eah s ∈ g suh that
g−1j dgj = π
∗
j (g
−1dg|TgjG), where πj : G
n+1 → G is the projetion on the j-th
fator and g−1dg|TgjG is the restrition of g
−1dg to the tangent spae TgjG of
G at gj.
For AA∗r with 2 ≤ r ≤ 3 dene the anonial onnetion 1-form A(z
−1dz)
by the family of AAr-valued 1-forms A(z
−1dz)n on ∆n × (A∗r)
n+1
suh that
A(z−1dz)n evaluated on a vetor (v0, ..., vn) at a point |t1, ..., tn, z0[z1|...|zn]|
is given by the formula
(4) (A(z−1dz)n||t1,...,tn,z0[z1|...|zn]|.(v0, ..., vn) = |t1, ..., tn, z
−1
0 v0[z
−1
1 v1|...|z
−1
n vn]|
and formally denote it by
(5) (A(z−1dz)n||t1,...,tn,z0[z1|...|zn]| = |t1, ..., tn, z
−1
0 dz0[z
−1
1 dz1|...|z
−1
n dzn]|.
For BA∗r with 2 ≤ r ≤ 3 the anonial onnetion 1-form B(z
−1dz) on
BA∗r is dened by the family ofBAr-valued 1-formsB(z
−1dz)n on∆n×(A∗r)
n
,
where
(6) B(z−1dz)n||t1,...,tn,[z1|...|zn]| = |t1, ..., tn, [z
−1
1 dz1|...|z
−1
n dzn]|.
We have that
(∂j × id)∗A(z−1dz)n||t1,...,tn−1;z0[z1|...|zn]| =
|t1, ..., tj, tj , tj+1, ..., tn−1; z
−1
0 dz0[z
−1
1 dz1|...|z
−1
n dzn]| and
(∂j × id)∗B(z−1dz)n||t1,...,tn−1,[z1|...|zn]| =
|t1, ..., tj, tj , tj+1, ..., tn−1, [z
−1
1 dz1|...|z
−1
n dzn]| and
(id× ∂j)
∗A(z−1dz)n−1||t1,...,tn−1;z0[z1|...|zn]| =
|t1, ..., tn−1; (z
−1
0 dz0) + (z
−1
1 dz1)[z
−1
2 dz2|...|z
−1
n dzn]| for j = 0,
(id× ∂j)
∗A(z−1dz)n−1||t1,...,tn−1;z0[z1|...|zn]| =
|t1, ..., tn−1; z
−1
0 dz0[z
−1
1 dz1|...|z
−1
j−1dzj−1|(z
−1
j dzj)+(z
−1
j+1dzj+1)|z
−1
j+2dzj+2|...|z
−1
n dzn]|
for 0 < j < n,
(id× ∂j)
∗A(z−1dz)n−1||t1,...,tn−1;z0[z1|...|zn]| =
|t1, ..., tn−1; z
−1
0 dz0[z
−1
1 dz1|...|z
−1
n−1dzn−1]| for j = n, while
(id× ∂j)
∗B(z−1dz)n−1||t1,...,tn−1;[z1|...|zn]| =
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|t1, ..., tn−1; [z
−1
2 dz2|...|z
−1
n dzn]| for j = 0,
and (id× ∂j)
∗B(z−1dz)n−1||t1,...,tn−1;[z1|...|zn]| =
|t1, ..., tn−1; [z
−1
1 dz1|...|z
−1
j−1dzj−1|(z
−1
j dzj)+(z
−1
j+1dzj+1)|z
−1
j+2dzj+2|...|z
−1
n dzn]| for
0 < j < n
(id× ∂j)
∗B(z−1dz)n−1||t1,...,tn−1;[z1|...|zn]| =
|t1, ..., tn−1; [z
−1
1 dz1|...|z
−1
n−1dzn−1]| for j = n
and using the equivalene relations 4(2, 3, 5), we get the ompatibility Con-
dition (1) for suh dierential forms, sine ∂j orresponds to inserting xj = 0
and the latter orresponds to tj = tj+1, beause tj = x0 + ... + xj−1, while
hj = e orresponds to gj = gj+1.
Further we get:
(sj × id)∗A(z−1dz)n||t1,...,tn+1;z0[z1|...|zn]| =
|t1, ..., tj, tj+2, ..., tn+1; z
−1
0 dz0, [z
−1
1 dz1|...|z
−1
n dzn]| for eah j and
(sj × id)∗B(z−1dz)n||t1,...,tn+1;[z1|...|zn]| =
|t1, ..., tj, tj+2, ..., tn+1; [z
−1
1 dz1|...|z
−1
n dzn]|,
sine sj(x0, ..., xn+1) = (x0, ..., xj−1, xj + xj+1, xj+2, ..., xn+1) and xj = 0 or-
responds to tj = tj+1. Then
(id× sj)
∗A(z−1dz)n+1||t1,...,tn+1;z0[z1|...|zn]| =
|t1, ..., tn+1; z
−1
0 dz0[0|z
−1
1 dz1|...|z
−1
n dzn]| and
(id× sj)
∗A(z−1dz)n+1||t1,...,tn+1;z0[z1|...|zn]| =
|t1, ..., tn+1; z
−1
0 dz0, [z
−1
1 dz1|...|z
−1
j dzj |0|z
−1
j+1dzj+1|...|z
−1
n dzn]| for 0 < j < n
and
(id× sj)
∗A(z−1dz)n+1||t1,...,tn+1;z0[z1|...|zn]| =
|t1, ..., tn+1; z
−1
0 dz0, [z
−1
1 dz1|...|z
−1
n dzn|0]| for j = n and shortly write
(id× sj)
∗B(z−1dz)n+1||t1,...,tn+1;[z1|...|zn]| =
|t1, ..., tn+1; [z
−1
1 dz1|...|z
−1
j dzj|0|z
−1
j+1dzj+1|...|z
−1
n dzn]| for eah j.
Using the equivalene relations 4(2, 3, 5) in ABbG and Bb+1G we get the
ompatibility Condition (2).
For a twisted group G satisfying Conditions 4(A1, A2, C1, C2) a smooth
k-form on ABbG and Bb+1G is dened by indution. Let smooth dierential
k-forms on BbG and eah ∆k × (BbG)m for k,m ≥ 0 be dened. Then a
smooth k-form w on ABb+1G onsists of a family of k-forms wn on ∆n ×
(BbG)n+1 satisfying the ompatibility onditions (1, 2). For Bb+1G a smooth
k-form w on Bb+1G onsists of a family of k-forms wn on ∆n × (BbG)n+1
satisfying the ompatibility Conditions (1, 2). Then a smooth k-form w on
∆k× (Bb+1G)m onsists of a family of k-forms wn on ∆k× (∆n× (BbG)n+1)m
satisfying the ompatibility onditions:
(7) id∆k × (∂
j × id)m)∗wn = (id∆k × (id× ∂j)
m)∗wn−1,
(8) (id∆k × (s
j × id)m)∗wn = (id∆k × (id× sj)
m)∗wn+1.
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It was shown above that the groups ABbAr and B
b+1Ar also have the
strutures of Ar vetor spaes. Therefore, the anonial onnetion 1-form
ABb(z−1dz) on ABbA∗r is a 1-form on AB
bA∗r suh that it satises the indu-
tive formula:
(9)ABb(z−1dz)||t1,...,tn,g0[g1|...|gn]| = |t1, ..., tn, B
b(g−10 g0)[B
b(g−11 dg1)|...|B
b(g−1n dgn)]|.
Then the anonial onnetion 1-form Bb+1(z−1dz) on Bb+1A∗r is a 1-form
on Bb+1A∗r suh that
(10) Bb+1(z−1dz)||t1,...,tn,[g1|...|gn]| = |t1, ..., tn, [B
b(g−11 dg1)|...|B
b(g−1n dgn)]|,
where g0, g1, ..., gn ∈ B
bA∗r and B
b(g−1j dgj) is the anonial onnetion 1-form
Bb(z−1dz) on BbA∗r evaluated at gj.
22. Gerbes over quaternions and otonions. Consider twisted
groups C,K,G satisfying Conditions 4(A1, A2, C1, C2). If
(CE1) e → C0 → K0 → G0 → e is a topologial entral extension, then
we say, that
(CE2) e→ C → K → G→ e is a topologial twisted extension.
A gerbe on a topologial spae X is a sheaf S of ategories satisfying the
onditions (G1−G3):
(G1) for eah open subset V in X the ategory S(V ) is a groupoid, whih
means that every morphism is invertible;
(G2) eah point x ∈ X has a neighborhood Vx for whih S(Vx) is non-
empty;
(G3) any two objets P1 and P2 of S(V ) are loally isomorphi, that is,
eah x ∈ V has a neighborhood Y for whih the restritions P1|Y and P2|Y
are isomorphi.
A gerbe S is alled bound by a sheaf G of twisted groups over Ar satisfying
Conditions 5(A1, C1, C2, 7), if for eah open subset V in X and every objet
P of S(V ) there exists an isomorphism of sheaves ν : Aut(P )→ G|V , where
G|V denotes the restrition of the sheaf G onto V , while Aut(P ) is the sheaf of
automorphisms of P so that for an open subset Y in V the group Aut(P )(Y )
is the group of automorphisms of the restrition sY (P ). It is supposed that
suh an isomorphism ommutes with with morphisms of S and must be
ompatible with restritions to smaller open subsets.
Two gerbes S and E bounded by G on a manifold N are equivalent, if
they satisfy (G4, G5):
(G4) if V is an open subset in X , then there exists an equivalene of
ategories µV : S(V ) → E(V ) so that for eah objet P of S(V ) there is a
ommutative diagram:
µV : AutS(V )(P )→ AutE(V )(P ),
νS : AutS(V )(P )→ Γ(V,G),
νE : AutE(V )(P )→ Γ(V,G) suh that
νS = νE(µV );
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(G5) for eah pair of open subsets V and Y in N with Y ⊂ V there
exists an invertible natural transformation: β : RE(µV ) = µY (RS), where
RS : S(V )→ S(Y ) denotes the natural restrition transformation. It is also
imposed the ondition, that for a triple of open subsets Y ⊂ V ⊂ J in N the
ompatibility onditions are satised.
If there is a prinipalG-bundleE(B,G, π,Ψ) and and an extension (CE1, CE2)
of topologial groups, then there exists a gerbe Gpi bound by CN on B. This
gerbe is onstruted from the sheaf of setions of the bundle E(B,G, π,Ψ)
by posing for eah open subset V of B objets and morphisms of Gpi(V ) as
follows. Assoiate with eah setion s : V → π−1(V ) of π : π−1(V ) → V
the G-equivariant map ts : π
−1(V )→ G suh that ts(z)s(π(z)) = z for every
z ∈ π−1(V ). We have as well the pull-bak of prinipal C-bundle K → G
from G to π−1(V ) due to the mapping ts : π
−1(V )→ G.
The omposition π ◦ πs : Es → V is a prinipal K-bundle having a lifting
of the struture group of π−1(V ) → V to K. Then pairs (E, f) of prinipal
K-bundles πV : E(V,K, π,Ψ)→ V and prinipal C-bundles f : E → π
−1(V )
suh that there exists the ommutative diagram with π(f(∗)) = πV (∗).
A morphism of prinipal K-bundles η : E → E1 from (E, f) to (E1, f1) is
desribed with the help of the ondition f1(η(∗)) = f with the orresponding
ommutative diagram. Therefore, the group of automorphisms of every ob-
jet (E, f) of Gpi(V ) is the group of mappings from V to C being the setion
of the sheaf CN over V , onsequently, Gpi is the gerbe bound by CN .
The onstruted above gerbe Gpi has a global setion if and only if there
exists a lifting of the struture group from C to K. For G = BA∗r the
extension (CE1, CE2) takes the form
1→ A∗r → AA
∗
r → BA
∗
r → 1. Then eah prinipal AA
∗
r-bundle is trivial,
sine AA∗r is ontratible. Hene the gerbe Gpi has a global setion if and
only if E(N,BA∗r, π,Ψ) is a trivial BA
∗
r-bundle.
Construt now another gerbe Lpi of loal setions of the bundle E(B,BA
∗
r, π,Ψ).
For eah open subset V in B the objets of Lpi(V ) are setions of E over V so
that eah loal setion s : V → π−1(V ) indues a BA∗r-equivariant mapping
ts : π
−1(V )→ BA∗r that indues the mapping τs = ts(s(∗)) : V → BA
∗
r .
If Es is a prinipal A
∗
r-bundle over V indued by the mapping τs, then a
morphism between the objets s, s1 ∈ Lpi(V ) indues the morphism Es → Es1
of the orresponding prinipal A∗r-bundles. Then Lpi is a gerbe bounded by
(A∗r)N , where 2 ≤ r ≤ 3. Therefore, the natural transformation Lpi(V ) →
Gpi(V ) sending a setion s to the pull-bak Es of the universal prinipal A
∗
r-
bundle by ts is an equivalene of ategories, whih extends to an equivalene
of gerbes Lpi → Gpi.
For a gerbe G on N bounded by (A∗r)N with 2 ≤ r ≤ 3, assigning to eah
objet Q in G(V ) an S1N,Ar -torsor COQ on V indues a onnetive struture.
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This torsor COQ onsists of a sheaf on whih S
1
N,r ats so that for eah point
x ∈ N there exists a neighborhood V having the property that for eah
open subset Y ⊂ V the group COQ(Y ) is a prinipal homogeneous spae
under the group Γ(Y,S1N,Ar). This assignment Q 7→ COQ(V ) need to be
funtorial in aordane with restritions from V onto Y . Moreover, for
eah morphism φ : Q → J of objets of G(V ) there exists an isomorphism
φ∗ : COQ(V ) → COJ(V ) of S
1
N,Ar -torsors. Sine G is a gerbe, then φ is an
isomorphism and φ∗ is ompatible with ompositions of morphisms and with
restritions to smaller open subsets, Y ⊂ V . If φ is an automorphism of Q
indued by an A∗r-valued funtion g we suppose that φ∗ is an automorphism
∇ 7→ ∇− dLn(g) of the S1N,Ar -torsor COQ(V ).
Consider a onnetion ω on a smooth prinipalBA∗r-bundle E(N,BA
∗
r, π,Ψ)
and let V be an open subset in N suh that Gpi(V ) is non-void and let ωV be
the restrition of ω to π−1(V ). To eah element (E, f) of Gpi(V ) it is possible
assign a set CωOE(V ) of onnetions on E ompatible with ω. If ω(q(∗)) = f
∗ω
for prinipal A∗r-bundles q : AAr → BAr and f : E → π
−1(V ), then ω gen-
erates an element ωˆ ∈ COE(V ). Therefore, the assignment ω 7→ C
ω
O is the
onnetive struture on Gpi.
The equivalene of gerbes Lpi → Gpi implies an extension of a pull-bak of
the onnetive struture from Gpi to Lpi.
23. Corollary. A mapping posing to the isomorphism lass of a prinipal
BA∗r-bundle E(B,BA
∗
r, π,Ψ), π : E = AA
∗
r → BA
∗
r, the equivalene lass of
the gerbe of setion Lpi of E(B,BA
∗
r, π,Ψ) indues an isomorphism between
the group of isomorphism lasses of prinipal BA∗r-bundles and the group of
equivalene lasses of gerbes bound by A∗r.
24. Corollary. A mapping sending to the isomorphism lass of a prin-
ipal BA∗r-bundle E(B,BA
∗
r, π,Ψ), π : E = AA
∗
r → BA
∗
r, with a onnetion
ω the equivalene lass of the gerbe of setion Lpi of E(B,BA
∗
r, π,Ψ) with
the onnetive struture on Lpi indued by ω indues an isomorphism between
the group of isomorphism lasses of prinipal BA∗r-bundles with onnetion
on the group of equivalene lasses of gerbes bound by A∗r with onnetive
strutures.
Proof. This follows from Proposition 19 and 22, sine the ase of
2 ≤ r ≤ 3 is obtained from the omplex ase (see Theorems A1, A2 [13℄)
by additional doubling proedure of groups with doubling generators: H
from C and O from H, while the onsidered groups satisfy Conditions
4(A1, A2, C1, C2).
25. Sheaves, geometri bars and gerbes for wrap groups.
If G satises Conditions 4(A1, A2, C1, C2), then wrap groups (WME)t,H
satisfy these Conditions 4(A1, A2, C1, C2) as well, sine Gk satises them be-
ing a multipliative subgroup of the ring Gˆk and (WM,{s0,q:q=1,...,k}E;N,G,P)t,H
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is the prinipalGk-bundle over the ommutative group (WM,{s0,q:q=1,...,k}N)t,H
(see Propositions 7(1, 2) [22℄). Thus, wrap groups an be taken as the parti-
ular ases of groups for the sheaves, geometri bar and gerbes onstrutions
(see 1, 4, 11-13, 22, Corollary 9, Lemmas 16 [22℄, 17, et.).
More onretely this an be done as follows. For a pseudo-manifold
X = X1 × X2 over Ar, where X1 and X2 are H
t
p-pseudo-manifolds over
Ar, suppose that for eah points s0,1, ..., s0,k in X1 and every neighborhood
U of {s0,1, ..., s0,k} in X1 and a point y0 ∈ X2 and every neighborhood V of
y0 in X2 there exist manifolds M and N suh that {s0,1, ..., s0,k} ⊂ M ⊂ U
and y0 ∈ N ⊂ V for whih a prinipal G-bundle E(N,G, π,Ψ) exists with a
marked group G satisfying onditions of 2 [21℄. If
(1) J(Λ) =
∏
α∈Λ Jα
is the produt of topologial groups Jα, where Λ is a set, and Λ2 ⊂ Λ1, then
there exists the natural projetion group homomorphism
(2) sˆΛ2,Λ1 : J(Λ1)→ J(Λ2).
Then dene a pre-sheaf F on X suh that
(3) F (U × V ) =
∏
s0,1,...,s0,k∈M⊂U ;y0∈N⊂V (W
M,{s0,q:q=1,...,k}E;N,G,P)t,H
and sU2×V2,U1×V1 : F (U1×V1)→ F (U2×V2), sine (W
M2,{s0,q:q=1,...,k}E;N2, G,P)t,H ⊂
(WM1,{s0,q :q=1,...,k}E;N1, G,P)t,H for {s0,q : q = 1, ..., k} ⊂ M2 ⊂ M1 and
y0 ∈ N2 ⊂ N1 satisfying onditions of Theorem 10 [22℄, where U2 ⊂ U1 and
V2 ⊂ V1, while open subsets of the form U × V ontain the base of topology
of X .
If S is a sheaf on X and S(U) satises Conditions 4(A1, A2, C1, C2) for
eah U open in X , then we all S the twisted sheaf over {i0, ..., i2r−1}.
For k = 1 onsider x = {s0; y0} ∈ X , but generally, onsider x =
{s0,1, ..., s0,k; y0} ∈ X
k
1 × X2 instead of X1 × X2. Then a set Fx of all
germs of the pre-sheaf F at a point x ∈ Xk1 × X2 is the indutive limit
Fx = ind − limF (U × V ) taken by all open neighborhoods U
k × V of x
in Xk1 × X2. Then applying the general onstrution of 1 gives the sheaf
SW,X1,X2 of wrap groups. It is twisted over {i0, ..., i2r−1} for the group G
twisted over generators {i0, ..., i2r−1} for 2 ≤ r ≤ 3. This sheaf is ommuta-
tive, if G is ommutative.
This sheaf is obtained from the given below generalization taking a on-
stant sheaf of the group G = G(U) for eah U open in X1.
More generally, if there is a sheaf G = GX1 on X1 of groups suh that for
eah U open in X1 a group G(U) satises onditions of 2 in [21℄, then put
(4) F (U×V ) =
∏
s0,1,...,s0,k∈M⊂U ;y0∈N⊂V (W
M,{s0,q:q=1,...,k}E;N,G(U),P)t,H,
where sU2,U1 : G(U1) → G(U2) is the restrition mapping for eah U2 ⊂ U1
so that the parallel transport struture for M ⊂ U is dened, GX1 , may be
twisted for 2 ≤ r ≤ 3. Therefore, due to Theorem 10 [22℄ and (1, 2) above
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there exists a restrition mapping sU2×V2,U1×V1 : F (U1 × V1) → F (U2 × V2)
for eah open U2 ⊂ U1 and V2 ⊂ V1. Then this presheaf indues a sheaf
SW,X1,X2,G of wrap groups. If G is a twisted over {i0, ..., i2r−1} for 2 ≤ r ≤ 3
sheaf, then the sheaf SW,X1,X2,G is twisted over {i0, ..., i2r−1}. If the sheaf G
is ommutative, then the sheaf SW,X1,X2,G is ommutative.
26. Proposition. If hj : Xj → Yj are H
t
p dierentiable mappings from
Xj onto Yj, j = 1, 2, where X = X1×X2 and Y = Y1×Y2, X,X1, X2, Y, Y1, Y2
are H tp-pseudo-manifolds over Ar, 0 ≤ r ≤ 3, h3 : GY1 → GX1 is an H
t
p
sheaf homomorphism, t ≥ [max{dim(X1), dim(X2), dim(Y1), dim(Y2)}]/2 +
2. Then they indue homomorphisms (h1, h3)∗ : SW,Y1,X2,GY1 → SW,X1,X2,GX1
and h2,∗ : SW,X1,X2,GX1 → SW,X1,Y2,GX1 of wrap sheaves.
Proof. If M2 ⊂ U2 ⊂ Y1, then h
−1
1 (M2) =: M1 ⊂ h
−1
1 (U2) =: U1 ⊂ X1
and h−11 (U2) =: U1 is open in X1 for eah U2 open in Y1. In view of Corollary
9 [21℄ and Proposition 7.1 and Theorem 10 [22℄ there exists a homomorphism
(h1, h3)∗ : (W
M2,{v0,q :q=1,...,k2}E;N,G(U2),P)t,H → (W
M1,{s0,q:q=1,...,k1}E;N,G(U1),P)t,H,
where h3 : G(U2) → G(U1) is the group homomorphism, h1(s0,q) = v0,a(q)
for eah q = 1, ..., k2, 1 ≤ a = a(q) ≤ k2. Choose in partiular s0,q suh
that k1 = k2 = k. Therefore, there exists the presheaf homomorphism
(h1, h3)∗ : FY1,X2,GY1 (U2 × V ) → FX1,X2,GX1 (U1 × V ) for eah U2 open in
Y1 and V open in X2. This presheaf homomorphism indues the sheaf ho-
momorphism.
If f : M1 → N1 ⊂ X2, then h2 ◦ f : M1 → N2 for H
t
p pseudo-manifolds
M1 in X1, N1 in X2, N2 in Y2. If f and h2 are H
t
p mappings, then due to the
Sobolev embedding theorem [34℄ for
t ≥ [max{dim(X1), dim(X2), dim(Y1), dim(Y2)}]/2 + 2 we have that f
′
exists and is ontinuous almost everywhere on X1 and h2(f(∗)) is the H
t
p
mapping (see also [6℄). Then h2,∗(Pγˆ,u(x)) := Ph2◦γˆ,u(x) implies h2,∗ <
Pγˆ,u >t,H=< Ph2◦γˆ,u >t,H for lasses of Rt,H equivalent elements, sine the
group G(U) and the manifold M are speied, and the same for N1 and N2.
Therefore, there exists the indued homomorphism
h2,∗ : (W
M,{s0,q:q=1,...,k}E;N1, G(U),P)t,H → (W
M,{s0,q:q=1,...,k}E;N2, G(U),P)t,H ,
where N1 ⊂ V1 ⊂ X2, N1 = h
−1
2 (N2), y0,1 ∈ N1, h2(y0,1) = y0,2, y0,2 ∈
N2 ⊂ V2 ⊂ Y2. Consequently, there exists the homomorphism of pre-sheaves
h2,∗ : FX1,X2,GX1 (U ×V1)→ FX1,Y2,GX1 (U ×V2) (see 25), where V1 = h
−1
2 (V2),
V2 is open in Y2. Thus h2,∗ indues the homomorphism of the wrap sheaves.
27. Proposition. Let e → G1 → G2 → G3 → e be an exat sequene
of sheaves on X1. Then there exists an exat sequene e → SW,X1,X2,G1 →
SW,X1,X2,G2 → SW,X1,X2,G3 → e of wrap sheaves, where e is the unit element
(see 25).
Proof. For eah U open in X1 there exists a short exat sequene of
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groups e → G1(U) → G2(U) → G3(U) → e suh that G3(U) is isomorphi
with the quotient group G2(U)/G1(U), where G1(U) is the normal losed
subgroup in G2(U). In view of Theorem 10 [22℄ there exists the short ex-
at sequene e → (WME;N,G1(U),P)t,H → (W
ME;N,G2(U),P)t,H →
(WME;N,G3(U),P)t,H → e. Then this indues the short exat sequene of
wrap presheaves e → FG1(U)(U) → FG2(U)(U) → FG3(U) → e and the latter
in its turn gives the short exat sequene of wrap sheaves (see also in general
[3℄).
28. Wrap sub-sheaf. In the onstrution of 25 onsider a sub-pre-
sheaf orresponding to FN (U), that is, for V = N with a xed marked point
y0 ∈ N , where
(1) FN(U) :=
∏
s0,1,...,s0,k∈M⊂U(W
M,{s0,q:q=1,...,k}E;N,G(U),P)t,H ,
where sGU2,U1 : G(U1)→ G(U2) is the restrition mapping for eah U2 ⊂ U1. In
view of Theorem 10 [22℄ there exists a restrition mapping sU2,U1 : FN(U1)→
FN (U2) for eah open U2 ⊂ U1. Then this presheaf indues a sheaf SW,X1,G(N)
of wrap groups, whih is the subsheaf of SW,X1,X2,G.
29. Proposition. Let η : N1 → N2 be an H
t′
p -retration of H
t′
p man-
ifolds, N2 ⊂ N1, η|N2 = id, y0 ∈ N2, where t
′ ≥ t, M is an H tp manifold,
E(N1, G, π,Ψ) and E(N2, G, π,Ψ) are prinipal H
t′
p bundles with a struture
group G satisfying onditions of 2 [21℄, then there exists a sheaf homomor-
phism η∗ from SW,X1,G(N1) onto SW,X1,G(N2).
Proof. In view of Proposition 17 [22℄ there exists a group homomorphism
η∗(U) from FN1(U) onto FN2(U) for eah U open in X1 suh that {s0,q : q =
1, ..., k} ⊂ M ⊂ X1. If B is a sheaf on X and ηB(U) = B(η
−1(U)) for eah
U open in X , then there exists a sheaf ηB whih is alled the image of the
sheaf B (see [3℄). On the other hand, η∗(U2) ◦ sU2,U1 = sU2,U1 ◦ η∗(U1) for
eah open U2 ⊂ U1 due to Condition 25(2). Then SW,X1,G(N2) is the image
of SW,X1,G(N1), that is η∗SW,X1,G(N1) = SW,X1,G(N2), sine there exists an H
t
p
mapping id × η from M × N1 onto M × N2 (see 28). This gives the sheaf
homomorphism (see also 3 [3℄).
30. Remark. For a ontinuous mapping f : X → Y and a sheaf B on
Y a inverse image f ∗B is a sheaf on X suh that f ∗B = {(x, q) ∈ X × B :
f(x) = π(q)} (see [3℄). Partiularly, if f : X → Y is an H tp mapping suh
that f = (f1, f2), f1 : X1 → Y1, f2 : X2 → Y2, then there exists a sheaf
inverse image f ∗SW,Y1,Y2,G2 , where f
∗
1G2 = G1.
31. Corollary. Let suppositions of Proposition 26 be satised, where
hj are dieomorphisms for j = 1, 2 and an isomorphism for j = 3, then
SW,X1,X2,GX1 and SW,Y1,Y2,GY1 are isomorphi sheaves.
Proof. This follows from Proposition 26 and Remark 30.
32. Proposition. Let a sheaf G be an indutive limit ind − limα∈ΛGα
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of sheaves Gα, where Λ is a direted set. Then the wrap sheaf SW,X1,X2,G is
the indutive limit ind− limα∈Λ SW,X1,X2,Gα.
Proof. For eah U open in X1 and all α < β ∈ Λ there exists a homo-
morphism παβ : Gα(U) → Gβ(U). Then the sheaf G is dened as the sheaf
generated by a pre-sheaf U 7→ ind − limα∈Λ Gα(U) (see Chapter 1 5 [3℄).
Eah homomorphism παβ generates the homomorphism of prinipal bundles
from E(N,Gα, π,Ψ) into E(N,Gβ, π,Ψ). In view of Proposition 26 for eah
α < β ∈ Λ and every U open in X1 there exists the group homomorphism
παβ,∗ : SW,X1,X2,Gα(U) → SW,X1,X2,Gβ(U) generated by π
α
β . Thus, there exists
SW,X1,X2,G := ind− limα∈Λ SW,X1,X2,Gα.
33. Corollary. Let X1 = ind − limα∈ΛX1,α and G = ind − limα∈Λ Gα
satisfy onditions of Proposition 26, where Gα = GX1,α and X1,α is an H
t
p
pseudo-manifold for eah α in a direted set Λ. Then SW,X1,X2,G = ind −
limα∈Λ SW,X1,α,X2,Gα.
Proof. For an H tp pseudo-manifold X1 its base of topology onsists of
all those subsets U in X1 suh that U =
⋂m
v=1 Uα(v) for some m ∈ N and
α(1), ..., α(m) ∈ Λ, where Vα = π
−1
α (Uα(v)) is open in Xα, πα : X1,α → X1
is an embedding for eah α in Λ. In view of Proposition 26 for eah U
open in X1 and α < β ∈ Λ there exists a group homomorphism π
α
β,∗ :
SW,X1,α,X2,Gα(U) → SW,X1,β ,X2,Gβ(U). Due to Proposition 32 this generates
SW,X1,X2,G as the indutive limit of sheaves SW,X1,α,X2,Gα.
34. Theorem. Let X2 = X2,1 × X2,2, where X1, X1,2 and X2,2 are H
t
p
and H t
′
p pseudo-manifolds respetively over Ar as in 25. Then the restrition
of the omplete tensor produt of wrap sheaves SW,X1,X2,1,G1⊗ˆSW,X1,X2,2,G2 on
∆1 × X2 is isomorphi with SW,X1,X2,G, where G is the tensor produt G :=
G1⊗G2 of sheaves G1 and G2 on X1, ∆1 := {(x, x) : x ∈ X1} is the diagonal
in X21 .
Proof. If B1 and B2 are sheaves on a topologial spae X , then B1 ⊗ B2
denotes the sheaf on X generated by the presheaf U 7→ B1(U) ⊗ B2(U),
where (B1 ⊗ B2)x ∼= B1,x ⊗ B2,x is the natural isomorphism of bers. The
sheaf B1 ⊗ B2 is alled the tensor produt of sheaves.
Consider the natural projetions φ1 : X2 → X2,1 and φ2 : X2 → X2,2
having extensions id × φ1 : X1 ×X2 → X1 ×X2,1 and id × φ2 : X1 ×X2 →
X1×X2,2. Therefore, there exists the sheaf S := SW,X1,X2,1,G1⊗ˆSW,X1,X2,2,G2 :=
[(id×φ1)
∗SW,X1,X2,1,G1 ]⊗ [(id×φ2)
∗SW,X1,X2,2,G2] whih is the omplete tensor
produt of sheaves (see in general Chapter 1 5 [3℄).
If γ : M → X2 is an H
t
p mapping preserving marked points, then γ =
(γ1, γ2), where γj : M → X2,j for j = 1, 2, γ(s0,q) = y0, γj(s0,q) = yj,0
for eah q = 1, ..., k and j = 1, 2, y0 = y1,0 × y2,0. Then we get a lifting
γˆ : Mˆ → X2 suh that γ ◦ Ξ = γˆ (see 2, 3 and 6 in [21℄). Therefore,
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Pγˆ,u(sˆ0,k+q) = Pγˆ1,u1(sˆ0,k+q) ⊗ Pγˆ2,u2(sˆ0,k+q) ∈ G for eah q = 1, ..., k, with
G = G1 ⊗ G2 being the diret produt of groups for G1 = G1(U1) and
G2 = G2(U2) for every Uj open in X1, j = 1, 2, where u ∈ Ey0 , uj ∈ Ej,yj,0,
N = N1 × N2, Nj ⊂ Vj ⊂ X2,j , E = E(N,G, π,Ψ), Ej = E(Nj, Gj , πj,Ψj)
are prinipal bundles, y0 = y0,1×y0,2, yj,0 ∈ Nj are marked points, Vj is open
in X2,j for j = 1, 2 (see also 25).
For lasses of equivalent parallel transport strutures we get< Pγˆ,u >t,H=<
Pγˆ1,u1 >t,H ⊗ < Pγˆ2,u2 >t,H , hene F (U × (V1 × V2)) is isomorphi with
(φ1)
∗F (U × V1) ⊗ (φ2)
∗F (U × V2) for eah U open in X1 and all Vj open
in X2,j, j = 1, 2, sine open sets of the form V = V1 × V2 form a base
of topology in X2, where F (U × Vj) is given for the group Gj(U). Here
U = U1 = U2 and (φ1)
∗F (U × V1) ⊗ (φ2)
∗F (U × V2) is isomorphi with the
restrition of (id×φ1)
∗F (U×V1)⊗(id×φ2)
∗F (U×V2) from U
2×V1×V2 onto
∆(U) × V1 × V2, where ∆(U) denotes the diagonal in U
2
. Thus, SW,X1,X2,G
is isomorphi with the restrition of the omplete tensor produt of sheaves
SW,X1,X2,1,G1⊗ˆSW,X1,X2,2,G2 on ∆1 ×X2.
35. Twisted Alexander-Spanier ohomologies.
Let G be a group satisfying Conditions 4(A1, A2), whih may be in par-
tiular a wrap group for Ar pseudo-manifolds with 2 ≤ r ≤ 3. For an open
U in X denote by Am(U ;G) a group of all funtions f : Um+1 → G with a
pointwise multipliation in G as the group operation. Therefore, the funtor
U 7→ Am(U ;G) is a presheaf on X satisfying the ondition:
(S2) if {Uj : j} is a family of open subsets of X suh that
⋃
j Uj = U ,
then for a family of elements sj ∈ A
m(Uj ;G) suh that sj |Uj∩Uk = sk|Uj∩Uk
for eah j, k there exists s ∈ Am(U ;G) suh that s|Uj = sj for eah j. To
satisfy this put sj = fj : U
m+1
j → G to be funtions here and s = f is their
ombination suh that f |Um+1
j
= sj, while f on X
m+1\(
⋃
j U
m+1
j ) is arbitrary.
The property
(S1) if U =
⋃
j Uj , where Uj is open in X and f, g ∈ A
m+1(U ;G) oinide
on Um+1j for eah j, then f = g on
⋃
j U
m+1
j is evident, sine f, g are funtions.
Reall that a family φ of losed subsets in X is alled a family of supports,
if it satises onditions (SP1, SP2):
(SP1) if B is a losed subset in C, where C ∈ φ, then B ∈ φ;
(SP2) if B1, ..., Bm ∈ φ, m ∈ N, then
⋃m
j=1Bj ∈ φ.
The family φ of supports is alled paraompatfying, if satises two ad-
ditional onditions:
(SP3) eah element in φ is a paraompat spae;
(SP4) eah set from φ has a losed neighborhood belonging to φ.
The union
⋃
C∈φ C =: E(φ) is alled a spread of φ. Put Γφ(S) := {s ∈
S(X) : |s| ∈ φ} for a sheaf S on X , where |s| := {x ∈ X : s(x) 6= e}
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denotes its support. Clearly Γφ(S) is a subgroup in S(X). For a presheaf
A on X put Aφ(X) := {s ∈ A(X) : |s| ∈ φ}. For a presheaf A on X put
Aφ(X) := {s ∈ A(X) : |s| ∈ φ}.
Let now Am(X ;G) be a sheaf generated by the presheaf Am(.;G). Dene
the dierential d : Am(U ;G)→ Am+1(U ;G) by the formula:
df(x0, ..., xm+1) =
∑m+1
j=0 (−1)
jf(x0, ..., xˆj , ..., xm+1), where f : U
m+1 → G
is an arbitrary funtion. Then f =
∑2r−1
k=0 fkik, where fk ∈ Gˆk, {i0, .., i2r−1}
are generators of Ar, 2 ≤ r ≤ 3. Hene d is the homomorphism of presheaves
and d2 = 0, sine df =
∑2r−1
k=0 (dfk)ik.
Then twisted Alexander-Spanier ohomologies are dened as
ASH
m
φ (X ;G) = H
m(A∗φ(X ;G))/A
∗
0(X ;G)).
36. Theorem. Let A be a pre-sheaf on X satisfying Condition 35(S2)
and S be a sheaf generated by A, where S and A are twisted over {i0, ..., i2r−1}
with 1 ≤ r ≤ 3. Then for eah paraompatifying family φ of supports in X
there exists the exat sequene
e → A0(X) → Aφ(X)
θ
−→ Γφ(S) → e, where θ : A(X) → S(X) is the
natural mapping of the presheaf into the generated by it sheaf.
Proof. Consider s ∈ Γφ(S) and a neighborhood U of |s| suh that cl(U) ∈
φ, where cl(U) denotes the losure of U in X . Sine cl(U) is paraompat
nd a loally nite overing {Uj : j} of cl(U), where eah Uj is open in X
and for whih there exists sj ∈ A(Uj) suh that θ(sj) = s|Uj . Let {Vj : j} be
a renement of {Uj : j} suh that U ∩ cl(Vj) ⊂ Uj .
For x ∈ X the set J(x) := {j : x ∈ cl(Vj)} is nite, hene for eah
x ∈ X there exists a neighborhood W (x) suh that W (x) ⊂ Uj and for eah
j ∈ J(x) and every y ∈ W (x) there is the inlusion J(y) ⊂ J(x).
For j ∈ J(x) we get θ(sj(x)) = s(x). Take W (x) suiently small suh
that sj|W (x) =: sx does not depend on j ∈ J(x), sine J(x) is nite, onse-
quently, sx ∈ A(W (x)).
Let x, y ∈ U , z ∈ W (x) ∩W (y) and j ∈ J(z), where J(z) ⊂ J(x) ∪ J(y).
Then sx|W (x)∩W (y) = sy|W (x)∩W (y). Due to Condition (S2) there exists β ∈
A(U) suh that β|W (x) = sx for eah x ∈ U , learly, θ(β) = s|U .
Take now C ∈ φ suh that |s| ⊂ Int(C) and C ⊂ U , where Int(C)
denotes the interior of C. If x ∈ C \ Int(C), then θ(β)(x) = s(x) = 0.
Therefore, there exists a overing {Qj} of C \ Int(C) with open in X sets
Qj suh that Qj ⊂ U and t|Qj = 0 for every j.
Choose the open overing {Qj} ∪ {Int(C), X \ C} of X and elements
e ∈ A(Qj), β|Int(C) ∈ A(Int(C)) and e ∈ A(X \C). Restritions of eah two
elements on a ommon part of their domains of denition oinide. Hene
due to Condition (S2) suh elements have a ommon extension q ∈ A(X)
and inevitably θ(q) = s and |q| = |θ(q)| = |s| ∈ φ. The sequene e →
32
A0(X) → Aφ(X)
θ
−→ Γφ(S) → e is exat, sine eah subsequene e →
A0,k(X)→ Aφ,k(X)
θ
−→ Γφ,k(S) → e is exat, where Aˆφ =
∑2r−1
k=0 Aˆφ,kik and
Γˆφ =
∑2r−1
k=0 Γˆφ,kik, where eah Aˆφ,k is ommutative and they are pairwise
isomorphi for dierent k, as well as Γˆφ,k are ommutative and pairwise
isomorphi for dierent values of k, sine the sheaf S is twisted over the
group of standard generators {i0, ..., i2r−1} of the Cayley-Dikson algebra
Ar.
Mention, that for a pre-sheaf A satisfying Condition (S1) we have A0(X) =
e.
37. Corollary. Let onditions of Theorem 36 be satised. Then for a
paraompatifying family φ of supports there exists the natural isomorphism:
Hmφ (X ;G)
∼= Hm(Γφ(S
∗(X ;G)).
Proof. This follows immediately from Theorem 36 and 35.
38. Twisted singular ohomologies.
Let B be a loally nite twisted sheaf on X , that is a group B(U) satises
Conditions 4(A1, A2, C1, C2) for eah U open in X . For U ⊂ X denote by
Sm(U ;B) the group of singular m-dimensional ohains of the spae U with
oeients in B. Eah element f ∈ Sm(U ;B) is a funtion posing for eah
m-dimensional simplex σ : ∆m → U a setion f(σ) ∈ Γ(σ∗(B)), where ∆m is
a standard m-dimensional simplex.
The pre-sheaf Sm(.;B) satises Condition (S2). The sheaf B is loally
onstant, then the sheaf σ∗(B) is onstant on ∆m, sine the simplex ∆m is
simply onneted, where m ≥ 1. Therefore, there exists a usual oboundary
operator d : Sm(U ;B)→ Sm+1(U ;B).
Consider the sheaf Sm(U ;B) generated by a pre-sheaf U 7→ Sm(U ;B).
Then the dierential d in the pre-sheaf indues the dierential in the sheaf.
For a loally onstant sheaf B singular ohomologies with oeients in B
and supports in the family φ are dened as ∆H
m
φ (X ;B) = H
m(S∗φ(X ;B)).
Sine B is the twisted sheaf over {i0, ..., i2r−1}, then S
∗
φ(X ;B) and inevitably
∆H
m
φ (X ;B) are twisted over {i0, ..., i2r−1}.
Let U := {Uj : j} be an open overing of X and let S
∗(U ;B) be a
group of singular ohains dened on singular simplies subordinated to the
overing U . With the help of the subdivision we get, that the homomor-
phism bU : S
∗(X ;B) → S∗(U ;B) indues the isomorphism of ohomolo-
gies, onsequently, the omplex KU = kerbU is ayli. On the other hand,
S∗0(X ;B) =
⋃
K∗U = ind− limKU , hene H
∗(S∗0(X ;B)) = H
∗(ind− limK∗U) =
ind − limH∗(K∗U) = e.
Thus for a paraompatifying family of supports from the exatness of the
sequene
e→ S∗0 → S
∗
φ → Γφ(S
∗)→ e
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and Theorem 36 it follows the isomorphism ∆H
m
φ (X ;B)
∼= Hm(Γφ(S
∗(X ;B))).
39. Twisted dierential sheaves.
A graded sheaf is a sequene {Sm : m ∈ Z} of sheaves, whih is alled a
dierential sheaf if there are homomorphisms
(1) d : Sm → Sm+1 suh that d2 = 0 for eah m. This sheaf may be
twisted over {i0, ..., i2r−1}, where 2 ≤ r ≤ 3. In this ase we suppose that
(2) up to an automorphisms θm : S
m → Sm we have θm+1◦d(S
m
k ) ⊂ S
m+1
k
for eah k = 0, ..., 2r − 1.
A dierential sheaf S∗ having Sm = 0 for eah m < 0 and supplied with
the augmentation homomorphism ε : B → S0 is alled the resolvent of the
sheaf, if the sequene
e→ B
ε
−→ S0
d
−→ S1
d
−→ S2 → ...
is exat.
The notion of dierential graded pre-sheaves is formulated analogously.
If Sm is twisted, that is Sˆm = Sˆm0 i0 + ...+ Sˆ
m
2r−1i2r−1, where Sˆ
m
k and Sˆ
m
j are
pairwise isomorphi and ommutative for eah k 6= j, then Ker(d : Sm →
Sm+1) and Im(d : Sm−1 → Sm) are twisted as well, sine up to isomorphisms
θm : S
m → Sm we have θm+1 ◦ d(S
m
k ) ⊂ S
m+1
k for eah k = 0, ..., 2
r − 1.
A sheaf of ohomologies (in another words a derivative sheaf) is dened
as Hm(S∗) = Ker(d : Sm → Sm+1)/Im(d : Sm−1 → Sm). If S∗ is generated
by a dierential pre-sheaf S∗, then Hm(S∗) is generated by the pre-sheaf
U 7→ Hm(S∗(U)).
For a sheaf B on topologial spae X and an open subset U ⊂ X denote
by Y0(U ;B) a set of all mappings (may be disontinuous) f : U → B suh
that π ◦ f = id is the identity mapping on U , where π : B → X is the
anonial projetion. Thus Y0(U ;B) =
∏
x∈U Bx and it is the group with
the pointwise group operation. Therefore, U 7→ Y0(U ;B) is the pre-sheaf
satisfying Conditions (S1, S2), hene it is the sheaf whih we denote by
Y0(X ;B). If B is twisted, then Y0(U ;B) is twisted as well.
The inlusion of all ontinuous setions of B into the family of all setions
not neessarily ontinuous indues the augmentation homomorphism ε : B →
Y0(X ;B).
For a family φ of supports put Y0φ(X ;B) = Γφ(Y
0(X ;B). If e → B1 →
B2 → B3 → e is a short exat sequene of sheaves (may be twisted), then
the sequene of pre-sheaves e→ Y0(X ;B1)→ Y
0(X ;B2)→ Y
0(X ;B3)→ e is
exat. If f ∈ Y0φ(X ;B), then its support is |f | := cl{x : f(x) 6= e}. Therefore,
f is an image of a setion g of the sheaf B suh that g is not neessarily
ontinuous and g(x) = e if f(x) = e for x ∈ X , hene |g| = |f | ∈ φ.
Denote by Z1(X ;B) the okernel of the homomorphism ε suh that the
sequene e → B
ε
−→ Y0(X ;B)
∂
−→ Z1(X ;B) is exat. Dene by indution
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the sheaves
Ym(X ;B) = Y0(X ;Zm(X ;B)), Zm+1(X ;B) = Z1(X ;Zm(X ;B)).
If B is twisted over {i0, .., i2r−1}, then Z
1(X ;B) is twisted as well and by
indution Zm(X ;B) and Ym(X ;B) are twisted for eah m ∈ N. Therefore,
the sequene e → Zm(X ;B)
ε
−→ Ym(X ;B)
∂
−→ Zm+1(X ;B) → e is exat.
Consider the omposition d = ε ◦ ∂ for Ym(X ;B)
∂
−→ Zm+1(X ;B)
ε
−→
Ym+1(X ;B), then the sequene
e → B
ε
−→ Y0(X ;B)
d
−→ Y1(X ;B)
d
−→ Y2(X ;B) → ... is exat. Thus,
Y∗(X ;B) is the resolvent of the sheaf B, whih is alled the anonial resol-
vent.
40. Proposition. The anonial resolvent of the twisted sheaf B is
berwise homotopially trivial.
Proof. Consider the homomorphism Y0(U ;B) → Bx suh that U ∋
x 7→ f(x) ∈ Bx for eah f ∈ Y
0(U ;B) and x ∈ U . The diret limit by
neighborhoods of a point x indues the homomorphism ηx : Y
0(X ;B)x → Bx,
onsequently, ηx ◦ ε : Bx → Bx is the identity isomorphism, where ηx ◦
ε(z) = ηx(ε(z)). Dene the homomorphism νx : Z
1(X ;B) → Y0(X ;B) by
the formula νx ◦ ∂ = 1 − ε ◦ ηx whih denes νx in a unique way. Therefore,
there exists a ber splitting
Zm(X ;B)x
ε
−→ Ym(X ;B)
∂
−→ Zm+1(X ;B)x and
Zm(X ;B)x
ηx
←− Ym(X ;B)
νx←− Zm+1(X ;B)x. Put Dx := νx ◦ ηx :
Ym(X ;B)x → Y
m−1(X ;B)x for m > 0. Therefore, d ◦ Dx + Dx ◦ d =
ε◦∂◦νx◦ηx+νx◦ηx◦ε◦∂ = ε◦ηx+νx◦∂ = 1 on Y
m(X ;B) form > 0. At the
same time on Y0(X ;B)x we have Dx ◦ d = νx ◦ ηx ◦ ε ◦ ∂ = νx ◦ ∂ = 1− ε ◦ ηx.
This means, that Y∗(X ;B)x is homotopially berwise trivial resolvent.
41. Remark. The funtor Y0(X ;B) is exat by B, hene Z1(X ;B) is also
the exat funtor by B. Using indution we get, that all funtors Ym(X ;B)
and Zm(X ;B) are exat by B. For an arbitrary family φ of supports on
X put Ymφ (X ;B) := Γφ(Y
m(X ;B)) = Y0φ(X ;Z
m(X ;B)). Sine the funtor
Y0(X ; ∗) is exat, then the funtor Ymφ (X ;B) is exat.
42. Denition. Cohomologies in X with supports in φ with oeients
in B are dened as Hmφ (X ;B) := H
m(Y∗φ(X ;B)).
42.1. Note. The sequene e→ Γφ(B)→ Γφ(Y
0(X ;B))→ Γφ(Y
1(X ;B))
is exat, onsequently, Γφ(B) ∼= H
0
φ(X ;B). If there is a short exat sequene
of twisted sheaves e → B1 → B2 → B3 → e on X , then it implies the exat
sequene of ohain omplexes
e → Y∗φ(X ;B1) → Y
∗
φ(X ;B2) → Y
∗
φ(X ;B3) → e, that in its turn indues
the long exat sequene
...→ Hmφ (X ;B1)→ H
m
φ (X ;B2)→ H
m
φ (X ;B3)
δ
−→ Hm+1φ (X ;B1)→ ....
43. Denition. Let G be a topologial group satisfying onditions
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4(A1, A2, C1, C2) suh that G is a multipliative group of the ring Gˆ, where
1 ≤ r ≤ 2. Then dene the smashed produt Gs suh that it is a multi-
pliative group of the ring Gˆs := Gˆ⊗l Gˆ, where l = i2r denotes the doubling
generator, the multipliation in Gˆ⊗l Gˆ is
(1) (a+ bl)(c+ vl) = (ac− v∗b) + (va+ bc∗)l for eah a, b, c, v ∈ Gˆ, where
v∗ = conj(v).
A smashed produtM1⊗lM2 of manifoldsM1,M2 overAr with dim(M1) =
dim(M2) is dened to be an Ar+1 manifold with loal oordinates z = (x, yl),
where x in M1 and y in M2 are loal oordinates.
44. Theorem. There exists smashed produts Ss := S1 ⊗l S2 on
X = X1 = X2 and Sˆ
s := S1⊗ˆlS2 on X = X1 × X2 over {i0, ..., i2r+1−1}
of isomorphi twisted sheaves S1 on X1 and S2 on X2 over {i0, ..., i2r−1} with
X1 = X2, in partiular of wrap sheaves, where 1 ≤ r ≤ 2, l = i2r .
Proof. If Sj is a sheaf on a topologial spaeXj twisted over {i0, ..., i2r−1},
then Sˆj = Sˆ0,ji0⊕...⊕Sˆ2r−1,ji2r−1, where Sˆk,j(U) = Sk,j(U)∪{0} are ommu-
tative rings for eah U open inXj , Sˆk,j are sheaves on Xj pairwise isomorphi
for dierent values of k. Then for X = X1 = X2 take S
s
x := (S1)x⊗l (S2)x for
eah x ∈ X in aordane with Denition 43, that denes the twisted sheaf
S on X over {i0, ..., i2r+1−1} due to Proposition 19 [22℄. This sheaf S is the
smashed tensor produt of sheaves.
If X = X1 × X2, then take Sˆ
s := S1⊗ˆlS2 = (π
∗
1S1) ⊗l (π
∗
2S2), whih is
the smashed omplete tensor produt of sheaves, where π1 : X → X1 and
π2 : X → X2 are projetions.
45. Corollary. Let X2 = X2,1⊗l X2,2 be the smashed produt, where X1
and X2 are H
t
p and H
t′
p pseudo-manifolds respetively over Ar+1, 1 ≤ r ≤ 2.
Then the restrition the smashed omplete tensor produt of wrap sheaves
SW,X1,X2,1,G⊗ˆlSW,X1,X2,2,G on ∆1 × X2 is isomorphi with SW,X1,X2,Gs, where
Gs is the smashed tensor produt Gs := G⊗lG twisted over {i0, ..., i2r+1−1} of
a sheaf G twisted over {i0, ..., i2r−1} on X1, ∆1 := {(x, x) : x ∈ X1} is the
diagonal in X21 .
Proof. The smashed produt of manifolds was desribed in details in
the proof of Theorem 20 [22℄. Consider an Ar shadow of X1 that exists,
sine Ar+1 = Ar ⊕ Arl, where l = i2r . For eah U open in X1 there exists
a group G(U), hene G(U) ⊗l G(U) is dened due to Proposition 19 [22℄,
that gives the sheaf Gs on X1. Then wrap sheaves SW,X1,X2,b,G over Ar are
dened, where b = 1, 2. Thus the statement of this orollary follows from
Proposition 19 [22℄ and Theorem 44, modifying the proof of 34 for the
smashed omplete tensor produt instead of omplete tensor produt so that
Pγˆ,u(sˆ0,k+q) = Pγˆ1,u1(sˆ0,k+q)⊗l Pγˆ2,u2(sˆ0,k+q) ∈ G
s
with E = E(N,Gs, π,Ψ),
where G = G(U), U = U1 = U2, onsequently, < Pγˆ,u >t,h=< Pγˆ1,u1 >t,H
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⊗l < Pγˆ2,u2 >t,H .
46. Corollary. Let X1 = X1,1⊗lX1,2 and X2 = X2,1⊗lX2,2 are smashed
produts, where X1, and X2 are H
t
p and H
t′
p pseudo-manifolds respetively
over Ar+1, 1 ≤ r ≤ 2. Then the wrap sheaf SW,X1,X2,Gs is twisted over
{i0, ..., i2r+1−1} and is isomorphi with the smashed omplete tensor produt
of twie iterated wrap sheaves
SW,X1,2,X2,1,SW,X1,1,X2,1,G⊗ˆlSW,X1,2,X2,2,SW,X1,1,X2,2,G ,
where Gs is the smashed tensor produt Gs := G⊗lG of a twisted sheaf G over
{i0, ..., i2r−1} on X1.
Proof. Consider projetions πb,j : Xb → Xb,j , where j, b = 1, 2. Eah
Ar+1 manifold has the shadow whih is the Ar manifold, sine Ar+1 = Ar ⊕
Arl. If U is open in X1,j , then π
−1
1,j (U) is open in X1 and there exists a group
G(π−11,j (U)), where j = 1, 2.
Hene there exist the projetion sheaves Gj = π
−1
1,jG on X1,j indued by
G suh that Gj(U) := G(π
−1
1,j (U)). Denote Gj on X1,j also by G, sine Gj is
obtained from G by taking the spei subfamily of open subsets. For U1
open in X1,1 and U2 open in X1,2 take U = U1 × U2 open in X1. The family
of all suh subsets gives the base of the topology in X1.
In aordane with Denition 43 there exists Gˆ(U) ⊗l Gˆ(U) =: Gˆ
s(U),
that indues Gs on X1 suh that Gˆ
s
x = Gˆx ⊗l Gˆx for eah x ∈ X1. Therefore,
every element q+ vl is in Gˆs(U) for eah q, v ∈ Gˆ(U). Thus the statement of
this orollary follows from 25, Theorems 20 [22℄ and 44.
47. Consider now the iterated wrap sheaf SW,X1,X2,G;b of iterated wrap
groups (WME)b,∞,H with b ∈ N instead of wrap groups for b = 1 suh that
for its presheaf
(1) Fb(U×V ) =
∏
s0,1,...,s0,k∈M⊂U ;y0∈N⊂V (W
M,{s0,q:q=1,...,k}E;N,G(U),P)b;∞,H,
where sU2,U1 : G(U1) → G(U2) is the restrition mapping for eah U2 ⊂ U1
so that the parallel transport struture for M ⊂ U is dened, where G is the
sheaf on X1, G(U) = G(U), pseudo-manifolds X1 and X2 and the sheaf G
are of lass H∞p (see also 25).
Corollary. There exists a homomorphism of of iterated wrap sheaves θ :
SW,X1,X2,G;a ⊗ SW,X1,X2,G;b → SW,X1,X2,G;a+b for eah a, b ∈ N. Moreover, if G
is either assoiative or alternative, then θ is either assoiative or alternative.
Proof. For pre-sheaves the mapping
(2) θ : Fa(U × V )⊗ Fb(U × V )→ Fa+b(U × V )
is indued by Formula 47(1) and due to Theorem 21 [22℄. Then θ has the
extension on the sheaf of iterated wrap groups, sine (SW,X1,X2,G;a)z = ind−
limFa(U × V ), where the diret limit is taken by open subsets U × V for a
point z = x × y ∈ Xk1 ×X2, x ∈ X
k
1 , y ∈ X2, suh that x ⊂ U , y ∈ V , U is
open in X1, V is open in X2.
The indutive limit topology in (SW,X1,X2,G;a)z is the nest topology rel-
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ative to whih eah embedding Fa(U × V ) →֒ (SW,X1,X2,G;a)z is ontinuous.
If f ∈ (SW,X1,X2,G;a)z and g ∈ (SW,X1,X2,G;b)z, then there exist open U1 × V1
and U2 × V2 suh that f ∈ Fa(U1 × V1) and g ∈ Fb(U2 × V2), onsequently,
f ∈ Fa(U × V ) and g ∈ Fb(U × V ), where U = U1 ∪ U2 and V = V1 ∪ V2,
hene θ(f, g) ∈ Fa+b(U × V ). From (2) and the denition of the indutive
limit topology it follows, that θ is ontinuous, sine on iterated wrap groups
θ is H∞p dierentiable.
Moreover, in aordane with Theorem 21 [22℄ θ is either assoiative or
alternative if G is assoiative or alternative.
48. Note. Let φ be a family of supports in X and B be a sheaf on X ,
where B may be twisted. A sheaf B is alled φ-ayli, if Hbφ(X ;B) = 0 for
eah b > 0.
Let L∗ be a resolvent of B. Put Zb := Ker(Lb → Lb+1) = Im(Lb−1 →
Lb), where Z0 = B. An exat sequene
(1) e→ Zb−1 → Lb−1 → Zb → e
indues an exat sequene
(2) e→ Γφ(Z
b−1)→ Γφ(L
b−1)→ Γφ(Z
b)→ H1φ(X ;Z
b−1).
Therefore, there exists the monomorphism
(3) Hb(Γφ(L
∗)) = Γφ(Z
b)/Im(Γφ(L
b−1 → Γφ(Z
b))→ H1φ(X ;Z
b−1).
Moreover, the sequene e → Zb−v → Lb−v → Zb−v+1 → e indues the
homomorphism:
(4) Hb−1φ (X ;Z
b−v+1)→ Hvφ(X ;Z
b−v).
Dene κ as the omposition
(5) Hb(Γφ(L
∗))→ H1φ(X ;Z
b−1)→ H2φ(X ;Z
b−2)→ ...→ Hbφ(X ;Z
0).
If all sheaves Lb are φ-ayli, then (3, 4) are isomorphisms. We all κ
natural, if from the ommutativity of the diagram:
B −→ L∗
↓ f ↓ g
E −→ M∗
where g is a homomorphism of resolvents the ommutativity of the diagram
Hb(Γφ(L
∗)
κ
−→ Hbφ(X ;B)
↓ g∗ ↓ f ∗
Hb(Γφ(M
∗)
κ
−→ Hbφ(X ; E)
follows. Thus we get the statement.
48.1. Theorem. If L∗ is the resolvent of the sheaf B, onsisting of
φ-ayli sheaves, then for eah b ∈ N the natural mapping
κ : Hb(Γφ(L
∗)→ Hbφ(X ;B) is the isomorphism.
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In view of the latter theorem if g : L∗ → M∗ is the homomorphism of
two resolvents of the sheaf B onsisting of φ-ayli sheaves, then the indued
mapping Hb(Γφ(L
∗))→ Hb(Γφ(M
∗)) is an isomorphism.
48.2. Corollary. If e → L0 → L1 → L2 → ... is an exat sequene of
φ-ayli sheaves, then the orresponding sequene e→ Γφ(L
0)→ Γφ(L
1)→
Γφ(L
2)→ ... is exat.
Proof. In view of Theorem 48.1 Hb(Γφ(L
∗)) = Hbφ(X ; e). On the other
hand, Ynφ(X ; e) = e, sine Y
0(X ; e) = e and hene Yn(X ; e) = e for all n,
onsequently, Hb(Γφ(L
∗)) = e for eah b.
49. Dierential forms and twisted ohomologies over otonions.
A bar resolution exists for any sheaf or a omplex of sheaves. Consider
dierential forms on N . In loal oordinates write a dierential k-form as
(1) w =
∑
J fJ(z)dxb1,j1 ∧ dxb2,j2 ∧ ... ∧ dxbk ,jk ,
where fJ : N → Ar, z = (z1, z2, ...) are loal oordinates in N , zb = xb,0i0 +
xb,1i1 + ... + xb,2r−1i2r−1, where zb ∈ Ar, xb,j ∈ R for eah b and every
j = 0, 1, ..., 2r − 1, J = (b1, j1; b2, j2; ...; bk, jk). For the sheaf S
k
N,Ar of germs
of Ar valued k-forms on N has a bar resolution:
(2) 0→ SkN,Ar
σ
−→ SkN,AAr
σ
−→ SkN,ABAr
σ
−→ ...,
where SkN,ABmAr denotes the sheaf of germs of AB
mAr valued k-forms on N .
Denote by Z(q, Cr) the group analogous to Z(Cr) with u ∈ Cr replaed on
uq, where uq is onsidered as equivalent with (−u)q, q ∈ N. Therefore, the
exponential sequene
(3) 0→ Z(Cr)N
η
−→ C∞(N,Ar)
exp
−→ C∞(N,A∗r)→ 0
an be onsidered as a quasi-isomorphism:
Z(Cr)N
η
−→ C∞(N,Ar)
↓ ↓ exp
0 −→ C∞(N,A∗r)
between the omplex Z(Cr)
∞
D : Z(Cr)N → C
∞(N,Ar) and the sheaf C
∞(N,A∗r)
of germs of C∞ funtions from N into A∗r plaed in degree one, that is
C∞(N,A∗r)[−1], where η(z) = 2πz for eah z and exp(0) = 1 (see also 19),
Ar is onsidered as the additive group (Ar,+), while A
∗
r is the multipliative
group (A∗r,×). More generally this gives the quasi-isomorphism:
(4) Z(1, Cr)N−→C
∞(N,Ar)
d
−→S1N,Ar
d
−→...
d
−→Sq−1N,Ar and
0 −→ C∞(N,A∗r)
dLn
−→ S1N,Ar
d
−→...
d
−→Sq−1N,Ar
with vertial homomorphisms Z(1, Cr)N → 0, C
∞(N,Ar)
e
−→ C∞(N,A∗r),
S1N,Ar
id
−→ S1N,Ar ,...,S
q−1
N,Ar
id
−→ Sq−1N,Ar for 2 ≤ q ∈ N, where e(f) := exp(f)
between a degree q smooth twisted omplex
(5) Z(Cr)
∞
D : Z(Cr)N → C
∞(N,Ar)
d
−→S1N,Ar
d
−→...
d
−→Sq−1N,Ar
and the omplex S<q(N,Ar)(dLn)[−1], where
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(6) S<q(N,Ar)(dLn) : C
∞(N,A∗r)
dLn
−→S1N,Ar
d
−→...
d
−→Sq−1N,Ar .
The hyperohomology hH
q(N,Z(Cr)
∞
D ) of Z(Cr)
∞
D is a twisted non-ommutative
for r = 2 and non-assoiative analog for r = 3 of smooth Deligne ohomology
of N , sine A2 = H = C⊕i2C and A3 = O = C⊕i2C⊕i4C⊕i6C are quater-
nion and otonion algebras over R with the orresponding twisted strutures
ausing twisted strutures of AG and BG as above. Thus hyperohomolgies
have indued twisted strutures. We have that S<q(N,Ar)(dLn)) is a tran-
ation of the ayli resolution (6) of the onstant sheaf (A∗r)N . Therefore,
the quasi-isomorphism (5) implies
(7) hH
b(N,Z(Cr)
∞
D )
∼= hH
b−1(S<q(N,Ar)(dLn)) for eah b and q.
For the overing dimension b = dimN (see [10℄) there are the isomor-
phisms:
(8) hH
b(S<b+1(N,Ar)(dLn))
eN−→ hH
b(N,A∗r)
tb
N−→A∗r, the omposition of
whih is the isomorphism:
(9) TbN : hH
b(S<b+1(N,Ar)(dLn))−→A
∗
r.
There is useful the short exat sequene of omplexes of sheaves:
(10) 0 → (A∗r)N → C
∞(N,A∗r)
dLn
−→ S1(N,Ar)
d
−→ ...
d
−→ Sq(N,Ar)
d
−→
Sq+1,cl(N,Ar)→ 0,
where Sq+1,cl(N,Ar) denotes the sheaf of germs of losed Ar valued q + 1
forms on N .
50. Remark. Consider an open overing V := {Vj : j ∈ J} of a H
∞
manifold N , denote by T (E) := {gj : gj ∈ Γ(Vj, E), j ∈ J} a family of
loal trivializations of E, where J is a set. If Vk ∩ Vj 6= ∅, then the quotient
gk,j := gk(1/gj) is an H
∞
smooth A∗r-valued funtion on Vk ∩ Vj , where
1 ≤ r ≤ 3. If 1 ≤ r ≤ 2, then Ar is assoiative and gk,jgj,l = gk,l on
Vk ∩ Vj ∩ Vl, when the latter set is not empty.
For r = 3 the otonion algebra O is only alternative and generally gk,jgj,l
may be dierent from gk,l. Already for quaternions and moreover for oto-
nions Ln(xy) generally may be dierent from Ln(x) + Ln(y) for x, y ∈ Ar
with 2 ≤ r ≤ 3 beause of non-ommutativity.
In view of Proposition 3.2 [27, 28℄ for eah x, y ∈ Ar there exists z ∈ Ar
suh that
(1) exey = ez = ea+beK(M,N), where a = Re(x), b = Re(y), M = x −
Re(x) =: Im(x), N = Im(y), K = Im(z). As usually we denote by ln the
natural logarithmi funtion in the ommutative ase 0 ≤ r ≤ 1, while Ln
denotes the natural logarithmi funtion over Ar when 2 ≤ r (see Setion
3 in [27, 28℄ and [32℄). The logarithmi funtion is dened on Ar \ {0} for
non-zero Cayley-Dikson numbers and has a non-ommutative analog of the
Riemann surfae so that exp and Ln are Ar holomorphi. For eah Cayley-
Dikson number v in the multipliative group A∗r = Ar \ {0} there exists
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x ∈ Ar suh that e
x = v. Then
(2) Ln(exey) = Ln(ez) = a+ b+K(M,N), where
(3) K(M,N) −M − N =: P (M,N) may be non-zero. Express the real
part as
(4) Re(z) = (z + (2r − 2)−1{−z +
∑2r−1
j=1 ij(zi
∗
j )})/2, then
(5) Im(z) = z −Re(z) = (z − (2r − 2)−1{−z +
∑2r−1
j=1 ij(zi
∗
j )})/2
and x these z-representations with whih M = M(x), N = N(y) and
P (M,N) are loally analyti funtions by x and y. Put
(6) Ln(fk) = wk and
(7) Ln(gk,j) = wk − wj + νk,j and
(8) Ln(gk,l) = Ln(gk,j) + Ln(gj,l) + ηk,j,l,
so that wk and νk,j and ηk,j,l are H
∞
dierential 1-forms. Then from (6− 8)
it follows, that
(9) wk − wl + νk,l = wk − wj + νk,j + wj − wl + νj,l + ηk,j,k and hene
(10) ηk,j,l = νk,l − νk,j − νj,l.
Generally ηk,j,l may be non-zero beause of non-ommutativity or non-assoiativity.
In view of the alternativity of the otonion algebra O the identities
eMeN = eK , eM = eKe−N , eN = e−MeK and e−K = e−Ne−M are equiva-
lent, that leads to the identities:
(11)M = K(K(M,N),−N), N = K(−M,K(M,N)), K(M,N) = −K(−N,−M),
where M,N,K are purely imaginary otonions, moreover, K(M, 0) = M ,
K(0, N) = N , sine e0 = 1.
Let E(N,A∗r, π,Ψ) be an H
∞
prinipal A∗r-bundle with transition fun-
tions {gk,j : Vk ∩ Vj → A
∗
r : k, j} and onsider a family {wk, νk,j, ηk,j,l :
k, j, l} of 1-forms related by Equations (6 − 8) so that wj ∈ Γ(Vj,S
1
N,Ar),
νk,j ∈ Γ(Vk ∩ Vj,S
1
N,Ar) for Vk ∩ Vj 6= ∅, ηk,j,l ∈ Γ(Vk ∩ Vj ∩ Vl,S
1
N,Ar) for
Vk ∩ Vj ∩ Vl 6= ∅, where k, j, l ∈ J .
Consider a C∞ partition of unity {fj : j ∈ J} subordinated to the overing
V. Then
(12) −w(x) = |fj0, fj1, ..., fjn,−wj0(x),−wj1(x), ...,−wjn(x)| and
(13)−ν(x) = |fj0fk0 , fj1fk1 , ..., fjnfkn ,−νj0,k0(x),−νj1,k1(x), ...,−νjn,kn(x)|
and
(14)−η(x) = |fj0fk0fl0 , fj1fk1fl1 , ..., fjnfknfln,−ηj0,k0,l0(x),−νj1,k1,l1(x), ...,−νjn,kn,ln(x)|,
where wj(x) and νj,k(x) and ηj,k,l(x) denote the restrition of wj and νj,k and
ηj,k,l to TxN so that wj(x) and νj,k(x) and ηk,j,l(x) are AAr-valued 1-forms
on N ,
(15) π∗(−w(x)) = |fj0, fj1(x), ..., fjn(x); [wj0(x)−wj1(x)+νj0,j1(x)|...|wjn−1(x)−
wjn(x) + νjn−1,jn]|,
where π : EAr → BAr is the standard projetion.
The prinipal G-bundle E(N,G, π,Ψ) is a pull-bak of the universal bun-
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dle AG → BG by a lassifying mapping gE(N,G,pi,Ψ) : N → BG. In terms of
transition funtions
(16) gE(N,A∗r ,pi,Ψ) = |fj0(x), fj1(x), ..., fjn(x); [gj0,j1(x)|gj1,j2(x)|...|gjn−1,jn(x)]|.
Therefore,
(17) π∗(w) + dLn(gE(N,A∗r ,pi,Ψ)) = 0,
where for any dierentiable funtion g : U → BA∗r we have
g(x) = |f0(x), f1(x), ..., fn(x); [g1(x)|...|gn(x)]|. While
(18) dLn(g(x)) := |f0(x), f1(x), ..., fn(x); [dLn(g1(x))|...|dLn(gn(x))]|.
Consider the total omplex (Tot∗(B∗,<pN ), D) of B
∗,<p
N . Then a (b − 1)-
oyle in the total omplex is a sequene (g, w1, ..., wb−1), where g ∈ H
∞(N,ABb−1A∗r)
and wj ∈ S
j
ABb−1−jAr
(N) satisfying onditions:
σ(g) = 0 whih means that g is a dierentiable mapping from N into
Bb−1Ar;
σ(w1) + dLn(g) = 0 means that w1 is a onnetion on the dierentiable
prinipal Bb−2A∗r-bundle over N indued by g;
σ(wj+1)+(−1)
jdwj = 0 serves as the denition of a (j+1)-onnetion on a
dierentiable prinipal Bb−2A∗r-bundle E → B assoiated with the mapping
g for 1 ≤ j ≤ b−2. Then the sequene (g, w1, ..., wj) is alled the j-onnetion
bar oyle.
There exists an equivalene relation in the group of dierentiable prinipal
Bb−2A∗r-bundles with (b−1)-onnetions whih is indued by the ohomology
equivalene relation in the omplex (Tot∗(B∗,<bN ), D). Thus H
b−1(Tot∗(B∗,<b), D)
an be identied with a group E(N,Bb−2A∗r,∇
b−1) of equivalene lasses of
dierentiable prinipal Bb−2A∗r-bundles with (b− 1)-onnetions.
An assignment (g, w1, w2, ..., wb−1) 7→ (−1)
b−1dwb−1 indues a homomor-
phism K : E(N,Bb−2A∗r,∇
b−1) → SbAr(N) alled the urvature of the b-
onnetion (g, w1, w2, ..., wb−1). The kernel ker(K) is isomorphi to the group
E(N,Bb−2A∗r,∇
flat) of isomorphism lasses of dierentiable prinipalBb−2A∗r-
bundles with at onnetions.
51. Curvature of holonomy. If v, w ∈ T0R
n
, put
(1) γv,w(u) = 4uv for 0 ≤ u ≤ 1/4, γv,w(u) = v + 4(u − 1/4)w for 1/4 ≤
u ≤ 1/2, γv,w(u) = w−4(u−3/4)v for 1/2 ≤ u ≤ 3/4, γv,w(u) = 4(1−u)w for
3/4 ≤ u ≤ 1 and γsv,w(u) := γsv,sw(u), where 0 ≤ u, s ≤ 1. For a sequene of
vetors w = (w0, w1, ..., wq) in T0R
n
with q ∈ N dene a (q+1)-dimensional
parallelepiped p[w0, ..., wq] in the Eulidean spae R
n
with q < n if w0, ..., wq
are linearly independent. Then dene γw0,w1,w2(u1, u2) := γγw0,w1 (u1),w2(u2)
and by indution
(2) γw0,...,wq(u1, ..., uq) = γγw0,...,wq−1 (u1,...,uq−1),wq(uq) and γ
s
w(u1, ..., uq) :=
γsw(u1, ..., uq), where 0 ≤ u1, ..., uq, s ≤ 1. This gives the natural parametriza-
tion of the parallelepiped p[w0, ..., wq] and the mapping γw : ∂I
q+1 → Rn
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whih is ontinuous and pieewise C∞. Denote by ej = (0, ..., 0, 1, 0, ..., 0) the
standard orthonormal basis inRn with 1 in the j-th plae. Put Ln(diag(a1, ..., ak)) :=
diag(Ln(a1), ..., Ln(ak)), where Ln is the prinipal branh of the logarithmi
funtion with Ln(1) = 0 and diag(a1, ..., an) is the diagonal matrix with
entries a1, ..., ak ∈ A
∗
r.
If h is an (A∗r)
k
-valued Cn holonomy or an homomorphism for a wrap
group (WME)∞,H with Mˆ being H
∞
p dieomorphi with ∂I
m+1
and ψ =
(y1, ..., yn) is a oordinate system entered at y, ψ : V → R
n
, V is an open
neighborhood of a point y in N , then a urvature of h at y is a q-form
(3)Ky :=
∑
1≤j1<...<jq≤nKj1,j2,...,jq(y)dyj1∧dyj2∧...∧dyjq ∈ Λ
qT ∗yN , where
(4) Kj1,....,jq(y) = (−1)
q lims→0Ln[h(ψ
−1(γsej1 ,...,ejq ))]s
−q−1
,
where m ≥ q.
Consider the inversion (wj, wj+1) 7→ (wj+1, wj). In view of Theorem 2
[22℄ for Mˆ being H∞p dieomorphi with ∂I
m+1
using the iterated loops and
the mapping uj 7→ (1− uj) we get, that
(5) Ky(wg(1), ..., wg(q+1)) = (−1)
|g|Ky(w1, ..., wq+1),
where g ∈ Sq+1, Sq denotes the symmetri group of the set {1, ..., q}, |g| = 1
for odd g, while |g| = 2 for an even transposition g.
52. Remark. Consider an H∞ manifoldN and a pseudo-manifoldX . A
mapping γ : X → N is alled pieewise C∞ or H∞ smooth if it is ontinuous
and the restrition of γ to eah top dimensional simplex of X is a C∞ or
H∞ mapping. A pieewise smooth mapping γ : X → N is alled an ori-
ented singular pseudo-manifold q-yle, if X is an oriented pseudo-manifold
q-yle. Denote by Zψq (N) := Z
ψ
q (X,N) the group of oriented singular pseudo-
manifold q-yles in N .
If there exists an oriented pseudo-manifold with boundary (Y, ∂Y ) with
a pseudo-dieomorphism η : ∂Y → X and a pieewise smooth mapping
ζ : Y → N suh that γ = ζ |∂Y ◦ η
−1
, where γ is an oriented singular pseudo-
manifold q-yle, then γ is alled an oriented singular pseudo-manifold q-
boundary inN . Denote by Bψq (N) := B
ψ
q (X,N) the group of oriented singular
pseudo-manifold q-boundaries in N .
Two oriented singular pseudo-manifold q-yles γj : Xj → N , j = 1, 2, are
homologous, if there exists an oriented (q + 1)-dimensional pseudo-manifold
with boundary (Y, ∂Y ) and a pieewise dierentiable mapping ζ : Y → N
suh that ∂Y is isomorphi with X1∪X2 and ζ |Xj = γj up to an isomorphism
∂Y ∼= X1 ∪X2 for j = 1, 2.
Then there exists the group Hψq (N) = Z
ψ
q (N)/B
ψ
q (N) of homology lasses
of oriented singular pseudo-manifold q-yles in N , where the group struture
is given by the disjoint union.
Consider a twisted Ar analog of Cheeger-Simons dierential group fun-
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tor onsisting of pairs (h, α) ∈ Hom(Zψq (N),A
∗
r) × S
q+1
Ar (N)0 satisfying the
ondition
(CS) h(∂η) = exp((−1)q
∫
η α) for eah η ∈ Sq+1(N),
where Sq(N) is the group of smooth singular q-hains in N , S
q+1
Ar (N)0 denotes
the group of losed dierentialAr-valued q-forms on N with 2πZ(Cr)-integral
periods belonging to Ir = {z ∈ Ar : Re(z) = 0}, 1 ≤ r ≤ 3. The Cheeger-
Simons group Hˆ
q
ψ(N,Z(Cr)) of degree q dierential haraters on N onsists
of homomorphisms h desribed above.
Suppose that X is an H∞p pseudo-manifold. Construt quotients Z
ψ˜
q (N)
and Bψ˜q (N) as quotients of Z
ψ
q (N) and B
ψ
q (N) by the equivalene relation:
(E1) if γ : X → N is an oriented singular pseudo-manifold q-yle and
ξ is a homeomorphism of X suh that its restritions on all top dimensional
simplies of a renement of a triangulation T of X is an H∞p dieomorphism,
then γ ∼ γ◦ξ and as a lass of equivalent elements take < γ >∞,H whih is the
losure relative to the H∞p -uniformity of the family of all suh γ◦ξ. In view of
the Morse and the Sard theorems (see II.2.10, 11 [5℄) if δ ∈< γ >∞,p, then
δ is homologous to γ. Put Hψ˜q (N) := Z
ψ˜
q (N)/B
ψ˜
q (N), then H
ψ˜
q (N)
∼= Hψq (N)
are isomorphi.
53. Higher twisted holonomies. Suppose that E(N,BA∗r, π,Ψ) is
a dierentiable prinipal BA∗r-bundle with a lassifying mapping g : N →
BqA∗r and a q-onnetion (g, w1, ..., wq), where 2 ≤ r ≤ 3. Consider a q-
dimensional orientable losed pseudo-manifold X over Ar and γ : X → N
an H∞ mapping. We have that BqA∗r is q-onneted and g ◦ γ : X →
BqA∗r is homotopi to a onstant mapping. This implies an existene of a
dierentiable mapping g ◦ γ : X → ABq−1A∗r with π ◦ g ◦ γ = g ◦ γ, where
π : ABq−1A∗r → B
qA∗r. On the other hand,
π∗(γ
∗w1 + dLng ◦ γ) = π∗γ
∗w1 + dLn(g ◦ γ) = γ
∗(π∗w1 + dLn(g)) = 0,
then (γ∗w1 + dLn(g ◦ γ) is a BAr-valued 1-form on X .
The projetion π : AAr → BAr indues the surjetive homomorphism
π∗ : S
j
AAr(X) → S
j
BAr(X) for eah j = 1, 2, .... Therefore, there exists an
AAr-valued 1-form w¯j ∈ S
j
AAr(X) satisfying the equation:
π∗w¯1 = γ
∗w1 + dLn(g ◦ γ). Sine σ(γ
∗w2 − dw¯1) = σγ
∗w2 − dγ
∗w1 =
γ∗(σw2 − dw1) = 0, then γ
∗w2 − dw1 is an Ar-valued 2-form on X .
By indution we get, that there exists a dierential j-form w¯j ∈ S
j
AAr(X)
suh that π∗w¯j = γ
∗wj + (−1)
j−1dγ∗wj−1 for eah j = 2, ..., q. We have that
σ(γ∗wj+(−1)
j−1dw¯j−1) = σγ
∗wj+(−1)
j−1dγ∗wj−1 = γ
∗(σwj+(−1)
j−1dwj−1) =
0, onsequently, γ∗wj + (−1)
j−1dw¯j−1 is an Ar-valued j-form on X .
The holonomy of the q-onnetion (g, w1, ..., wq) along γ : X → N is given
by
h(γ) = exp(
∫
X(γ
∗wq + (−1)
q−1dw¯q−1)).
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If there is some other lift wˆj−1, then wˆj−1 = w¯j−1 + vj−1, where vj−1 is a is
an Ar-valued (j − 1)-form on X . Therefore,∫
X(γ
∗wj+(−1)
j−1dwˆj−1) =
∫
X(γ
∗wj+(−1)
j−1dw¯j−1)+(−1)
j−1
∫
X dvj−1 =∫
X(γ
∗wj + (−1)
j−1dw¯j−1) in the onsidered here ase of X with ∂X = 0.
This holonomy an be generalized in an abstrat way for an equivalene
lass η of a q-onnetion (g, w1, ..., wq) along a singular oriented pseudo-
manifold X of dimension q with an H∞ mapping γ : X → N suh that
hη(γ) ∈ Ar. Dene H
q+1(X,Z(Cr)(q + 1)
∞
D ) := H
q+1(X \ SX ,Z(Cr)(q +
1)∞D ), where SX is a singularity of X . If the dimension of X is q, then
Hq+1(X,Z(Cr)(q + 1)
∞
D )
∼= Hq(X,A∗r). Sine codim(SX) ≥ 2, then H
q(X,A∗r)
has a fundamental lass that indues an integration along the fundamental
lass isomorphism and Hq(X,A∗r)
∼= A∗r. Thus we get the isomorphism T
q
X :
Hq+1(X,Z(Cr)(q+1)
∞
D )→ A
∗
r. Therefore, h
η(γ) = T qX(γ
∗(η)) is the holonomy
of a q-onnetion orresponding to an element η ∈ Hq+1(N,Z(Cr)(q + 1)
∞
D )
along γ : X → N for a singular oriented Ar pseudo-manifold φ : X → N of
a real dimension q, where 2 ≤ r ≤ 3.
54. Twisted ohomology. Consider a twisted sheaf B over {i0, ..., i2r−1}.
Then a twisted analog of an Alexander-Spanier (or of isomorphi

Ceh) oho-
mology with oeients in B and supports in the family φ is ASH
∗
φ(X ;B) =
H∗(Γφ(S
∗ ⊗ B)).
Take an element η ∈ ASH
q(S<q+1N,Ar (dLn)) := ASH
q(X,S<q+1N,Ar (dLn)), where
N is of dimension q. Write it as η = (gjq , wjq−1, ..., wj0), where jb := (j0, ..., jb)
is a multi-index. The A∗r-valued q-oyle gjq is ohomologous to zero, sine
N is of dimension q. Therefore, Hq(C∞N (A
∗
r))
∼= Hq+1(N,Z(Cr)) ∼= 0. If g¯jq−1
is a (q − 1)-ohain suh that δ(g¯jq−1) = g
−1
jq
, then
(gjqδ(g¯jq−1), dLn(g¯jq−1)+wjq−1, ..., wj0) = (1, dLn(g¯jq−1)+wjq−1, ..., wj0) =:
η′. Denote by D the dierential in the twisted omplex of S<q+1N,Ar (dLn), then
the oyle ondition D(η′) = 0 leads to δ(dLn(g¯jq−1) + wjq−1) = 0. Sine
S1N,Ar is an ayli sheaf, then its twisted omplex is exat and inevitably
there exists a (q − 2)-oyle w¯jq−2 for whih δ(w¯jq−2) = dLn(g¯jq−1) + wjq−1.
Then D(1,−w¯jq−2, 0, ..., 0) + η
′
is ohomolous to a oyle having the form
(1, 0, w′jq−1 , ..., wj0). Continuing this proedure gives a (q − 1)-ohain η¯ =
(g¯jq−1 , w¯jq−2, ..., w¯j0) of the twisted omplex S
<q+1
N,Ar (dLn) suh that η+D(η¯) =
(1, 0, ..., 0, wˆj0). From the oyle ondition D(η +D(η¯)) = 0 it follows that
wˆj0 is a global q-form on N whih we will denote by wˆ. Put
(1) T qN(η) := exp((−1)
q
∫
N wˆ).
The mapping T qN of Formula (1) depends only on the ohomology lass of
η, sine if η = D(η¯), then wˆ = 0. Moreover, T qN is independent from a hoie
of the hain η¯. Indeed, if η˜ is another (q − 1)-ohain with η + D(η˜) =
(1, 0, ..., 0, νj0), then ν − wˆ is an 2πZ(Cr)-integral q-form and inevitably
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exp(
∫
N(ν − wˆ)) = 0.
Dene the isomorphism tqN : H
q(N,A∗r) → A
∗
r as the restrition of T
q
N to
Hq(N,A∗r) or it an be written as t
q
N = T
q
N ◦ i
q
N , where i
q
N : ASH
q(N,A∗r) →
ASH
m(Y<q+1N,Ar (dLn)), i
q
N (gjq) = (gjq , 0, ..., 0) is the monomorphism indued
by the morphism of omplexes of sheaves (A∗r)N → S
<q+1
N,Ar (dLn).
Now onstrut an isomorphism eqN : H
q(S<q+1N,Ar (dLn))→ H
q(N,A∗r). Con-
sider the q-oyle η as above, then dwj0 = 0, sine N is of dimension q.
This implies an existene of a (q − 1)-ohain η¯ of the twisted omplex of
S<q+1N,Ar (dLn) suh that η+D(η¯) = (g¯jq , 0, ..., 0). The oyle ondition D(η+
D(η¯)) = 0 implies that g¯jq is a loally onstant A
∗
r-valued ohain. Then
the mapping η 7→ g¯jq indues the isomorphism e
q
N : ASH
q(S<q+1N,Ar (dLn)) →
ASH
q(N,A∗r). This onstrution implies, that e
q
N is the inverse of i
q
N , hene
T qN = t
q
N ◦ e
q
N .
55. Theorem. For an H∞ manifold N over Ar the mapping η 7→ h
η
(see 54) indues an isomorphism h : Hq(S<q+1N,Ar (dLn))→ Hˆ
q(N,Z(Cr)).
Proof. It is suient to show, that the following diagram with the upper
row
0→ Hq(N,A∗r)
ip
N−→ Hq(S<q+1N,Ar (dLn))
d
−→ Sq+1Ar (N)0 → 0
and the lower row
0→ Hom(Hψq (N),A
∗
r)
iˆp
N−→ Hˆqψ(N,Z(Cr))
pi2−→ Sq+1Ar (N)0 → 0
and with the vertial rows
Hq(N,A∗r)
u
−→ Hom(Hψq (N),A
∗
r) and
Hq(S<q+1N,Ar (dLn))
h
−→ Hˆqψ(N,Z(Cr)) ommutes. For eah η ∈ H
q(S<q+1N,Ar (dLn))
put h(η) := (hη, Kη), where hη is the holonomy of η and Kη denotes the ur-
vature of η. If η = (gjq , wjq−1, ..., wj0), then K
η = K(gjq , wjq−1, ..., wj0) =
dwj0, onsequently, the right hand side of the above diagram ommutes.
The universal oeient theorem isomorphism u : Hq(N,A∗r)→ Hom(H
ψ
q (N),A
∗
r)
is indued by a pairing assigning to a H∞p mapping γ : M → N and a o-
homology lass η ∈ Hq(N,A∗r) an otonion or quaternion number t
q
M ◦ γ
∗(η),
where tqM denotes the restrition of T
q
M to H
q(N,A∗r). Therefore, for η ∈
Hq(N,A∗r) and a q-yle
∑
j njγj, where γj : M → N we get u(η)(
∑
j njγj) =
tqM (
∏
j γ
∗
j (η)
nj).
From the equalities hη(γ) = u(η)(γ) and T qM = t
q
M ◦ e
q
M and e
q
M ◦ i
q
M =
id for an arbitrary H∞p mapping γ : M → N it follows that h
iq
N
(η)(γ) =
T qMγ
∗iqN (η) = T
q
M i
q
Mγ
∗(η) = tqMe
q
M i
q
Mγ
∗(η) = tqMγ
∗(η) = iˆqNu(η)(γ). Sine
h is the homomorphism, then the left hand side square of the diagram is
ommutative as well.
56. Remark. In view of Theorem 55 every element of Hˆ
q
ψ(N,Z(Cr)) is
a holonomy homomorphism. The operator T qX in the denition of the holon-
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omy uses the integration whih is invariant under the equivalene relation
52(E1). Then the quotient mapping Zψq (N) → Z
ψ˜
q (N) indues an isomor-
phism Hˆ
q
ψ˜
(N,Z(Cr)) → Hˆ
q
ψ(N,Z(Cr)), where Hˆ
q
ψ˜
(N,Z(Cr)) onsists of pairs
(h, v) ∈ Hom(Zψ˜q (N),A
∗
r) × S
q+1
Ar (N)0 so that h(∂ζ) = exp((−1)
q
∫
ζ v) for
eah ∂ζ ∈ Bψ˜q (N).
A set theoreti inlusionH∞p (M,N)→ Z
ψ
q (M,N), where q is a dimension
of M , indues a group homomorphism κ : (WMN)t,H → Z
ψ˜
q (M,N).
Denote by LqN,A∗r the sheaf assoiated with the pre-sheaf
U 7→ {γ ∈ Hom∞((WMN)∞,H ,A
∗
r) : supp(γ) ⊂ U}. Setion 53 and
Theorem 55 imply that Kh is an 2πZ(Cr)-integral losed (q + 1)-form on N .
56.1. Lemma. For eah H∞p mapping ζ : Y → N , where (Y, ∂Y ) is
a pseudo-manifold with boundary ∂Y being a pseudo-manifold over Ar and
for eah extension hˆ : Zψ˜qb(M,N) → G
kb
of an H∞p dierentiable homomor-
phism h : (WME)b;∞,H → G
kb
being an element of Hˆ
q
ψ˜
(N,Z(Cr)) there is the
identity:
hˆ(∂ζ) = exp((−1)q
∫
ζ K
h), where b ∈ N, E = E(N,G, π,Ψ), G is a
ommutative subgroup in A∗r, G is isomorphi with C
∗
.
Proof. In view of the isomorphismHq(S<q+1N,Ar (dLn))→ Hˆ
q
ψ˜
(N,Z(Cr)) eah
element of Hˆ
q
ψ˜
(N,Z(Cr)) is a holonomy homomorphism. For every pseudo-
manifold with boundary (Y, ∂Y ) and an H∞p mapping ζ : Y → N take a
partition T of Y into small ubes Qj. From the anellation property of
holonomies we get that hˆ(∂ζ) =
∏
Qj∈T hˆ(γ|Qj), sine G is ommutative. On
the other hand, hˆ is an extension of h, hene
∏
Qj∈T hˆ(γ|Qj) =
∏
Qj∈T h(γ|Qj).
Thus the proof redues to the ase of Y being a (q + 1) dimensional ube
in Amr × R suh that ∂Y is embedded into A
m
r and has the real shadow
∂[0, 1]q+1.
If µ is a Borel measure on Y relative to whih the Sobolev uniformity is
given, then µ(YS) = 0, sine codim(YS) ≥ 2, where SY is the singularity of
Y . Moreover, a Lebesgue measure on Rq+1 indues µ on Y using the fat
that Y \ YS is an H
t′
-manifold with t′ > [(q + 1)/2] + 1.
For matrix-valued over Ar dierential forms w = (wj,k : j, k = 1, ..., m)
put
∫
ξ w = (
∫
ξ wj,k : j, k = 1, ..., m), for diagonal matries (a1, ..., am) put
exp(a1, ..., am) := (e
a1 , ..., eam), if a1 6= 0,...,am 6= 0, then Ln(a1, ..., am) =
(Ln(a1), ..., Ln(am)).
Without loss of generality h is additive and R homogeneous on Zq(N).
For eah n ∈ N divide [0, 1] into n small subintervals, that indues a sub-
division of [0, 1]q+1 into nq+1 ubes with verties denoted by vj1,...,jq+1(n),
where j1, ..., jq+1 = 0, 1, ..., n. Consider the wrap γ
n
j1,...,jq+1 := γe1/n,...,eq+1/n +
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vj1,...,jq+1(n), where e1, ..., eq+1 is the standard basis of R
q+1
.
Take ξ ∈ H∞p (Y,E) suh that π ◦ ξ = γ. Therefore,∫
ξK =
∫
Y ξ
∗K = limn→∞
∑
j1,...,jq+1 ξ
∗K(vj1,...,jq+1(n))n
−q−1
= (−1)q limn→∞
∑
j1,...,jq+1 lims→0[Ln h(ξ ◦ γ
n
j1,...,jq+1
)]s−q−1n−q−1,
where ξ∗Ky = ξ
∗K(y)dx1 ∧ ... ∧ dxq+1 for eah y ∈ N . Taking s = 1/n gives
limn→∞ lims→0
∑
j1,...,jq+1[Ln h(ξ ◦ γ
n
j1,...,jq+1)]s
−q−1n−q−1
= limn→∞
∑
j1,...,jq+1 Ln h(ξ ◦ γ
n
j1,...,jq+1
)
= limn→∞ Ln(
∏
j1,...,jq+1 h(ξ◦γ
n
j1,...,jq+1)) = limn→∞Ln h(
∑
j1,...,jq+1 ξ◦γ
n
j1,...,jq+1)
= limn→∞ Lnh(ξ ◦ γ
n
0,...,0) = Ln h(γ),
sine h(γ1λλ
−1γ2) = h(γ1γ2) and G is ommutative, where λ : Y → N is a
path joining marked points y1 and y2 of wraps γ1 and γ2, that is γj(sˆ0,q) = yj
and λ(sˆ0,q) = y1, λ(sˆ0,q+k) = y2 while λ
−1(sˆ0,q) = y2 and λ
−1(sˆ0,q+k) = y1 for
eah j = 1, 2 and q = 1, ..., k.
57. Lemma. Suppose that φ : A ⊂ X is a pointed inlusion of CW-
omplexes and θ : X → X/A is the quotient mapping. Let a group G be
twisted over {i0, ..., i2r−1}. Then θ∗ : (W
ME;X,G,P)t,H → (W
ME;X/A,G,P)t,H
is a prinipal (WME;A,G,P)t,H-bundle.
Proof. Let G,E and B be topologial groups so that G ats eetively
on E. Consider U open in B with e ∈ U . Suppose that π : E → B is an open
surjetive mapping. Eah G-equivariant mapping ξ : π−1 → G indues a loal
trivialization of π : E → B over U . A group struture in E indues a system
of loal trivializations of E/B. It is desribed as follows. For eah v ∈ E
take an open subset Uv = π(vπ
−1(U)) in B. Then the family {Uv : v ∈ E}
forms an open overing of B. For eah v ∈ E there exists a G-equivariant
mapping ξv : π
−1(Uv) = vπ
−1(U)→ G given by ξv(x) = ξ(v
−1x).
Therefore, an open surjetive mapping π : E → B is a prinipal G-bundle
if and only if there exists a neighborhood U of the unit element e in B and
a G-equivariant mapping ξ : π−1(U)→ G.
Sine the group G is twisted, then due to Proposition 19 and Theorem
20 [22℄ it is suient to prove this Lemma for the ommutative group G0.
Consider a deformation retration η : [0, 1] × V → A of V onto A,
where V is an open neighborhood of A, put U = θ∗[(W
ME;V,G0,P)t,H]. A
(WME;A,G0,P)t,H-equivariant mapping ξ : (θ∗)
−1(U) = (WME;W,G0,P)t,H →
(WME;A,G0,P)t,H is given by the formula ξ(< Pγˆ,v >t,H) =< η(1,Pγˆ,v >t,H
due to Propositions 7.1 and 13(2) [22℄.
58. Theorem. For eah onneted smooth manifold N , the homomor-
phism κ indues an isomorphism
κ∗ : π0((W
ME;N,A∗r,P)b;∞,H) → H
ψ˜
qb(N,Z(Cr)), where 1 ≤ b ∈ N, q is
a dimension of M .
Proof. The uniform spae H∞p (M,E) is everywhere dense in the uni-
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form spae C0(M,E) of all ontinuous mappings from M into E, where M
is an H∞p -pseudo-manifold. Therefore, there exists an extension of N 7→
π0((W
ME;N,A∗r,P)b;∞,H) to a funtor on the ategory of pointed CW-
omplexes and pointed ontinuous mappings, that does not hange a ho-
motopy type.
Reall a redued homology theory. It is a funtor H∗ from the ategory of
pointed CW-omplexes and pointed ontinuous mappings into the ategory
of graded twisted groups satisfying the properties (H1−H4).
(H1). For eah pointed ontinuous mapping of CW-omplexes f : X → Y
and a ∈ Z, the indued homomorphism f∗ : Ha(X) → Ha(Y ) depends only
on the homotopy type of f .
(H2). For eah pointed CW-omplex X and a ∈ Z there is a natural
isomorphism
ΣX : Ha(X)→ Ha+1(ΣX),
where ΣX is a redued suspension of X .
(H3). For eah pointed inlusion i : A ⊂ X of CW-omplexes and a ∈ Z
the sequene
Ha(A)
i∗→ Ha(X)
g∗
→ Ha(X/A) is exat,
where g : X → X/A is the quotient mapping.
(H4). Ha(S
1) = e for a 6= 1 and H1(S
1) = Z. These properties are
standard and they are demonstrated in Lemma 4.5 [12℄ for ommutative
groups. Due to Conditions 4(A1, A2) on twisted groups we get the redued
twisted homology theory.
In view of Lemma 57 πj((W
ME;A,G,P)t,H)→ πj((W
ME;X,G,P)t,H)→
πj((W
ME;X/A,G,P)t,H) is a fragment of the long exat homotopy sequene
of the bration θ∗, where G is the twisted group over {i0, ..., i2r−1}, j =
0, 1, 2, .... Moreover, Conditions (H2, H3) follow from Lemma 57. Therefore,
Properties (H1−H4) for twisted groups are diret onsequenes of the or-
responding properties for ommutative groups. Though for the proof of this
theorem the ase of ommutative graded groups is suient.
Sine κ is a natural transformation of homology theory and in view of
Proposition 19 and Theorem 20 [22℄ this indues the isomorphism κ∗.
59. Proposition. The urvature morphism K : LqN,A∗r → S
q+1,cl
N,Ar is an
isomorphism.
Proof. The family CM := R ⊕ MR with M ∈ Ar, Re(M) = 0 and
|M | = 1 is suh that its union gives
⋃
M CM = Ar. In view of Theorem
55 and Lemma 56.1 K is a monomorphism and an epimorphism from LqN,A∗r
onto Sq+1,clN,Ar . This gives the statement of this proposition.
60. Theorem. The restrition homomorphism κ∗ : Hom(Zψ˜qb(M,N),A
∗
r)→
Hom((WMN)b;∞,H,A
∗
r) indues an isomorphism
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κˆ : Hˆqb
ψ˜
(N,Z(Cr)) → Hom
∞((WMN)b;∞,H ,Ar), where 1 ≤ b ∈ N, q is a
overing dimension of M , M and N are over Ar.
Proof. Eah homomorphism h : Zψ˜qb(M,N) → A
∗
r is a holonomy of
Hˆ
qb
ψ˜
(N,Z(Cr)), sine the holonomy indues an isomorphismH
qb(S<qb+1N,Ar (dLn))→
Hˆ
qb
ψ˜
(N,Z(Cr)). Then the restrition of h on (W
ME)b;∞,H is of H
∞
lass,
where E = E(N,G, π,Ψ) with G = CM (see 56.1). Therefore, κ
∗(h) ∈
Hom∞((WMN)b;∞,H ,A
∗
r), sine (W
ME)b;∞,H is the prinipalG
bk
-bundle over
(WMN)b;∞,H .
Consider an extension hˆ : Zψ˜qb(M,N)→ A
∗
r of h, hene hˆ ∈ Hˆ
qb
ψ˜
(N,Z(Cr)).
We have the loally analyti mapping Ln from A∗r onto Ar. The group
(WMN)b;∞,H is ommutative, therefore instead of Hom
∞((WMN)b;∞,H ,A
∗
r)
we an onsider the ommutative additive group Hom∞((WMN)b;∞,H ,Ar),
where Ar is onsidered as the additive group (Ar,+). At the same time the
group Z(Cr) is ommutative. Then Ln(κ
∗(h)) ∈ Hom∞((WMN)b;∞,H ,Ar).
For eah ξ ∈ Zψ˜qb(M,N) there exists ζ ∈ (W
MN)b;∞,H and ∂η ∈ B
ψ˜
qb(M,N)
suh that ξ = κ(ζ)+∂η, sine κ∗ : π0((W
ME;N,A∗r,P)b;∞,H)→ Hˆ
qb
ψ˜
(N,Z(Cr))
is an isomorphism due to Theorem 58. Then for eah extension hˆ : Zψ˜qb(M,N)→
A∗r of h there is the identity:
hˆ(ξ) = h(ζ) + exp((−1)qb
∫
ηK
h)
due to Setion 53 and Lemma 59. Therefore, h has a unique extension hˆ.
This implies that κˆ is an isomorphism.
61. Remark. Mention that Theorems 55, 58 and 60 an be proved
in another way using the orresponding statements over C and the twisted
struture of sheaves over {i0, ..., i2r−1}.
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